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Abstract: 

Flow past cylindrical bodies represents one of the classical problems in fluid dynamics and is still widely 

studied from both the theoretical and practical viewpoints. In spite of the geometrical simplicity of the 

body (a circular cylinder, for example), the flow generated by such a body shows an abundance of different 

flow regimes, including, but not limited to: boundary-layer separation; wake; recirculating zones; periodic 

vortex shedding; hydrodynamic instability; and fluid-structure interaction. These flow characteristics exert 

strong influence upon drag/lift variations, acoustic generation, heat transfer and vibrations in practical 

devices, such as bridge cables, marine risers, chimneys, heat-exchanger tubing, and sensors' support 

structures, to mention but a few. The current study provides the research-based review of wake generation 

and flow instabilities about cylindrical bodies, specifically, about circular cylinders. The physical 

processes leading to wake generation are addressed in relation to pressure forces, viscous forces and flow 

separation. A brief introduction to mathematical models will include the equations of incompressible fluid 

motion, dimensionless parameters (such as Reynolds and Strouhal numbers), force coefficients and 

perturbation formulation in stability theory. The flow development starting from creeping flow up to 

unsteady periodic flow and 3D flow transition due to increasing Reynolds number is reviewed. From the 

analysis it can be seen that the instability of the wake is due to the extraction of energy by perturbations 

in the separation region of the shear layers until they form into stable oscillations. Engineering applications 

such as the phenomenon of varying lift and vortex-induced vibrations are also considered. This paper 

proves that for comprehending the dynamics of cylinder wakes, a comprehensive approach involving fluid 

dynamics, stability theory, and forces is required. 

 

Keywords: wake formation, cylindrical structures, vortex shedding, hydrodynamic instability, circular 

cylinder, Reynolds number, Strouhal number, vortex-induced vibration. 

 

1. Introduction 

Cylindrical flows are unique within the realm of fluid dynamics since they feature a combination of 

relatively straightforward geometry with an exceedingly intricate flow process. When it comes to the issue 

of exterior flows, placing a cylinder inside a fluid medium will cause perturbations in the flow stream, 

resulting in acceleration along the edges, deceleration at the stagnation point ahead of the cylinder, and 

the formation of a boundary layer across the surface of the cylinder. With regard to the ratio between 

viscous forces and inertia, the boundary layer can either stay adhered to the cylinder or break off from its 

surface, thus creating a wake region behind the cylinder. The issue has scientific as well as practical 

importance. On a scientific note, the issue serves as an excellent test case for studies in separations, 

instability, transitions, and turbulence. On a practical front, the issue describes load fluctuations occurring 

in cylindrical bodies exposed to the effects of wind and water. These load fluctuations may cause 

vibrations, fatigue, and other changes in performance in engineering applications. That is why, there have 

been many studies on this issue using analysis, experiments, and computer models in the past. This paper 

is intended to be an example of a quality scientific treatment of the issue of wake formation and flow 
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instabilities over cylinders, while at the same time, adding in mathematical content where necessary. The 

cylindrical body will be considered as a circular cylinder; however, the results are valid for general bluff 

cylinders as well. 

 

2. Governing Fluid-Dynamic Framework 

The flow around a fixed cylinder in an incompressible Newtonian fluid is governed by the continuity and 

Navier–Stokes equations. For a velocity field (u = (𝑢, 𝑣, 𝑤)), pressure  p, density  ρ , and dynamic 

viscosity  μ , the equations are 

∇ ⋅ 𝑢 = 0 

ρ (
∂𝑢

∂𝑡
+ 𝑢 ⋅ ∇𝑢) = −∇𝑝 + μ∇2u 

These are conservation equations for mass and momentum. The nonlinear convective term  

u ⋅ ∇u becomes important when dealing with wake flow past the cylinder since it accounts for inertia, 

whereas the diffusion term  μ∇2u tends to decrease velocity gradient and stability. 

To gain more physical insight into the equations, they are nondimensionalized by choosing cylinder 

diameter D as characteristic length and free-stream velocity  𝑈∞  as characteristic velocity. Let 

𝑢∗ =
𝑢

𝑈∞
, 

𝑥∗ =
𝑥

𝐷
, 

𝑡∗ =
𝑡𝑈∞

𝐷
, 

𝑝∗ =
𝑝

ρ𝑈∞
2

 

Then the momentum equation becomes 
∂𝑢∗

∂𝑡∗
+ 𝑢∗ ⋅ ∇∗𝑢∗ = −∇∗𝑝∗ +

1

𝑅𝑒
∇∗2𝑢∗

 

where 

Re =
ρ𝑈∞𝐷

μ
 

is the Reynolds number. In the above nondimensional expression, it can be noticed that the flow past a 

cylinder depends on  𝑅𝑒. The value of Reynolds number represents the relative magnitude between the 

inertia and viscosity forces acting in the flow. If (R ≪ 1), then the effect of viscosity dominates and the 

flow remains stable. 

Another significant nondimensional number used in the discussion is the Strouhal number that determines 

the frequency f of vortex shedding: 

St =
𝑓𝐷

𝑈∞
 

This coefficient has become common in engineering applications due to the relationship that exists 

between the oscillation of the wake and the size of the body and the fluid velocity. 

 

3. The Mathematical Derivation of the Formation of Wake 

The formation of the wake begins from the flow properties in the boundary layer of the cylindrical body. 

When the fluid hits the cylinder, its velocity decreases to zero at the stagnation point. In the front part of 

the cylinder, the outer flow velocity increases while the pressure drops, but in the subsequent section, the 

velocity decreases, resulting in adverse pressure gradients: 
𝑑𝑝

𝑑𝑥
> 0 
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In the boundary layer, this adverse gradient opposes the local motion of the fluid. If the fluid near the wall 

has insufficient momentum, the wall shear stress decreases to zero: 

τ𝑤 = μ (
∂𝑢𝑡

∂𝑛
)

𝑤𝑎𝑙𝑙
= 0 

This is when the onset of separation occurs. After this, reverse flow can occur near the wall, and the 

boundary layer will peel away from the wall, resulting in two free shear layers, one coming from each side 

of the cylinder, surrounding an area of low pressure known as the wake region. 

The pressure coefficient around the cylinder is usually expressed as 

𝐶𝑝 =
𝑝 − 𝑝∞

1
2 ρ𝑈∞

2
 

The distribution of C p depends on the condition of the boundary layer and separation point. For an ideal 

potential flow, the pressure distribution is symmetrical and indicates that there will be no drag force, which 

is known as d'Alembert's paradox. D'Alembert's paradox can be solved by viscous effects, separation, and 

the creation of a wake, causing a large negative pressure region at the back of the cylinder and creating 

form drag. 

 

4. Reynolds Number Regime and Flow Evolution 

For flow around a circular cylinder, the wake behind the cylinder changes systematically according to 

Reynolds number. When the Reynolds number is very small, the flow is steady, attached, and symmetrical. 

In this case, viscous diffusion plays a dominant role over inertia, and there is no wake region for separation 

as we know it. 

However, as the Reynolds number grows to moderate levels, separation takes place and a pair of 

symmetric recirculation regions develop behind the cylinder. Although this state is still steady with time, 

it marks the first step towards instability – namely, separation and the existence of a finite wake. 

One important parameter that appears during this stage is 𝐿𝑟, defined as the length of the recirculation 

region, starting from the trailing edge of the cylinder to the point where reverse flow vanishes. The 

nondimensional version of 𝐿𝑟 is 

𝐿𝑟
∗ =

𝐿𝑟

𝐷
 

This tends to grow with the Reynolds number in the regime of steady wake flow and can be used as an 

indication of the approach to instability of the flow regime. Longer wake corresponds to larger spatial area 

where disturbances may grow. 

At the critical Reynolds number, the steady wake becomes unstable and the flow makes a transition to 

periodicity. Vortices start shedding alternatively from the upper and lower shear layers. At this stage, the 

flow enters the regime of von Kármán vortex street. Time-dependent lift forces become dominant and the 

wake becomes asymmetric. 

As the Reynolds number grows further, the wake becomes three-dimensional. Modulation takes place 

spanwise and two-dimensional vortex street starts breaking up. Finally, at high enough Reynolds number 

the flow regime turns turbulent while large-scale shedding process still remains visible in the force 

spectrum. 

 

5. Linear Stability Concept 

Vortex shedding initiation can be explained mathematically using the method of perturbation. This 

involves decomposition of the flow into a steady base flow 𝑈 and a small perturbation   𝑢′ : 

u(𝑥, 𝑡) = U(𝑥) + 𝑢′(𝑥, 𝑡) 

Similarly, pressure is written as 

p(𝑥, 𝑡) = P(𝑥) + 𝑝′(𝑥, 𝑡) 

Substituting these into the Navier–Stokes equations and neglecting quadratic disturbance terms yields the 

linearized perturbation equations. The disturbance may be represented in modal form as 
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𝑢′(𝑥, 𝑡) = 𝑢̂(𝑥)𝑒σ𝑡 

where  σ = σ𝑟 + iσ𝑖  is a complex growth rate. If  σ𝑟 < 0 , disturbances decay and the base flow is stable. 

If  σ𝑟 > 0 , disturbances grow and the base flow is unstable. The oscillation frequency is related to the 

imaginary part: 

f =
σ𝑖

2π
 

Therefore, the shedder flow occurs when the steady wake supports an unstable mode with a positive 

growth rate. From a physical point of view, this implies that the separation shear layers and wake area 

support disturbances rather than suppressing them. 

This instability is frequently considered a global instability of the wake area close to the object. Although 

the shear layer serves as the local amplifier, the shedding phenomenon is formed through interaction with 

the whole wake area via feedback process. That is why any changes in the wake length or its other 

characteristics affect the shedding process. 

 

6. Wake Forces and Coefficients 

The forces acting on the cylinder are usually expressed through dimensionless coefficients. The drag 

coefficient is 

𝐶𝐷 =
𝐹𝐷

1
2 ρ𝑈∞

2 𝐷𝐿
 

and the lift coefficient is 

𝐶𝐿 =
𝐹𝐿

1
2 ρ𝑈∞

2 𝐷𝐿
 

where 𝐹𝐷  and  𝐹𝐿  are the drag and lift forces, and  L  is the spanwise length of the cylinder. 

 

In steady symmetric flow, the time-averaged lift is zero: 

𝐶𝐿 = 0 

However, once vortex shedding begins, the instantaneous lift coefficient oscillates approximately 

sinusoidally: 

𝐶𝐿(𝑡) ≈ 𝐴𝐿 sin(2π𝑓𝑡 + ϕ) 

Here, A_L represents oscillation amplitude and φ refers to phase. The coefficient of drag force also varies 

and its periodicity is generally twice that of vortex shedding because of alternating symmetry in vortex 

shedding: 

𝐶𝐷(𝑡) ≈ 𝐶𝐷 + 𝐴𝐷 cos(4π𝑓𝑡 + ϕ𝐷) 

These force oscillations are of major engineering significance. If the shedding frequency approaches a 

structural natural frequency 𝑓𝑛, resonance or lock-in may occur: 

f ≈ 𝑓𝑛 

In such cases, the vibration amplitude can increase sharply. This is the basis of vortex-induced vibration 

in chimneys, cables, risers, and heat exchanger tubes. 

 

7. Vortex Shedding Frequency and the von Kármán Street 

This phenomenon is known as the von Kármán vortex street. Stability in such flow patterns depends on 

the distance between consecutive vortices, as well as how far apart each pair of parallel lines of vortices 

is offset from the other pair. While the real vortex wake behind the cylinder is viscous and has a limited 

core thickness, the vortex street proves to be a helpful approximation in understanding why such wake is 

favored over another type of wake. 
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In experiments, the frequency of vortex shedding can be characterized by means of the Strouhal number, 

which will be constant within a wide range of subcritical Reynolds numbers at roughly 𝑆𝑡 =  0.18 −
0.22, depending on the specific case of a smooth cylinder wake. 

A characteristic time scale associated with the wake flow can be defined as 

T =
1

𝑓
 

and a convective wake length scale over one period is 

λ =
𝑈∞

𝑓
 

and indicates the downstream spacing corresponding to one shedding event. Such simple equations 

provide an effective means for depicting the spatial arrangement of the wake structure. 

 

8. Three-Dimensional Nature and Transition 

While the two-dimensional shedding analysis provides useful information, in practice, wakes tend not to 

be purely two-dimensional. Beyond the critical point of instability, further disturbances arise in the span-

wise direction, which lead to vortex loops, streamwise vortices, and phase differences in the cylinder span. 

Thus, a more comprehensive disturbance model will be 

𝑢′(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢̂(𝑥, 𝑦)𝑒𝑖β𝑧+σ𝑡 

where β is the spanwise wavenumber. In case such 3D models are amplified, the wake will no longer have 

its strictly two-dimensional character. 

The importance of this process lies in the change in the coherence of forces that occur due to 3D flow. In 

the presence of strictly two-dimensional flows along the span of the cylinder, larger total fluctuating forces 

would be observed. The absence of spanwise coherence leads to smaller forces despite high vortex activity 

in a particular area. 

 

9. Engineering Interpretation 

The engineering significance of this mathematics model is clear. Whether or not steady forces or periodic 

forces will act on an engineering component is determined by the Reynolds number. The Strouhal number 

indicates what type of forcing frequency can be expected. Drag and lift coefficients give insight into mean 

loads and fluctuating loads. Stability analysis provides the key insight into determining whether 

disturbances grow or diminish in the flow. 

To illustrate this, consider a marine riser operating under certain Reynolds numbers that require periodic 

shedding of vortices. Here, rather than worrying about whether or not the wake will shed, the important 

thing to know is whether or not the shedding frequency coincides with the natural frequencies of the riser. 

Again, for a heat exchanger application, the wake from one tube can impact other downstream tubes. The 

basic principle here is that the wake cannot be considered as merely a characteristic of fluid flow. This 

wake is the consequence of an instability process resulting from separation, which leads to vortex 

formation and forces development. As such, drag reduction, vibration suppression, or acoustic emissions 

can only be accomplished by addressing the principles of separation and instabilities. 

 

10. Conclusion 

Wake formation and flow instability about cylindrical bodies represent an important test case in fluid 

dynamics. The flow starts with boundary-layer flow over the cylinder body, followed by the adverse 

pressure gradient and flow separation, and eventually forms the wake, whose characteristics depend on 

the Reynolds number. The increased effect of inertia results in the transformation of flow from attached 

and symmetrical to separated and stable recirculation flow and further to vortex shedding. For high 

Reynolds numbers, the wake becomes three-dimensional and turbulent. 

It is shown in the mathematical parts of this paper that the problem can be studied mathematically using 

incompressible Navier-Stokes equations, dimensionless parameters like Reynolds and Strouhal numbers, 
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wall conditions for flow separation, linear stability analysis for instability, and the coefficients of the forces 

for the application in engineering applications. The onset of vortex shedding is caused by the fact that in 

the separated flow of the wake, the disturbances do not fade but form a self-sustaining oscillatory state, 

resulting in varying forces on the body. Relevance of this study from a research perspective is that it 

combines theoretical significance with practical implications. In terms of the physical mechanisms 

involved, the cylinder wake brings together elements of boundary layer theory, hydrodynamic instability, 

nonlinear oscillations, and structure dynamics. From an engineering point of view, it serves as the 

foundation for the prediction of force spectra and the design of safe bluff body structures. 
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