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Abstract:

Space and time are fundamental quantities used to describe events and physical processes in the universe.
In classical mechanics, space and time are generally treated as independent quantities. The theory of
special relativity, however, provides a mathematical framework in which space and time are combined
into a four-dimensional structure known as space-time. The present study examines the mathematical
foundations of space-time with particular emphasis on four-dimensional coordinates, the space-time
interval, Minkowski space, the light cone, and Lorentz transformations. A numerical analysis of the
Lorentz factor is carried out for different values of relative velocity. The study shows that the Lorentz
factor remains close to unity at low velocities but increases rapidly as the velocity approaches the speed
of light. The mathematical behaviour of time and spatial coordinates under Lorentz transformations is also
examined, along with a brief discussion of real-world applications such as satellite-based navigation. The
analysis demonstrates that the geometry of space-time provides a consistent mathematical description of
relativistic motion and establishes the importance of invariants and coordinate transformations in modern
mathematical physics. The study concludes that mathematics provides a powerful framework for
understanding the structure of space-time and selected relativistic properties of the universe.
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Introduction

Mathematics provides a precise language for describing natural phenomena. The motion of planets, the
propagation of light, gravitational interactions, and the structure of the universe can all be represented
using mathematical models. One of the major developments in modern mathematical physics is the
mathematical description of space-time.

In classical mechanics, an event can be described by specifying its position and the time at which it occurs.
The position is normally represented using three spatial coordinates (X, y, z), while time is represented
independently by t. The development of special relativity changed this interpretation. Measurements of
space and time are related to the relative motion of observers, leading naturally to a four-dimensional
space-time description.

An event can be represented by the four coordinates (ct, X, y, z), where c is the speed of light in vacuum.
The speed of light is ¢ = 299,792,458 m/s exactly. The mathematical study of space-time introduces
important ideas such as coordinate transformations, quadratic forms, invariants, geometry, and matrix
representations.
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Objectives of the Study

. To introduce the mathematical concept of space-time.

. To represent physical events using four-dimensional coordinates.

. To study the mathematical form of the space-time interval.

. To explain the basic structure of Minkowski space and the light cone.

. To derive the Lorentz transformation for one-dimensional motion.

. To study the Lorentz factor mathematically.

. To perform numerical calculations for different relative velocities.

. To examine the behaviour of time and spatial coordinates under relativistic transformations.
. To provide a mathematical interpretation of relativistic space-time.

10. To outline a real-world application of space-time mathematics in modern technology.
11. To identify possible directions for further mathematical research.
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Mathematical Representation of Space-Time

Three-Dimensional Space

In ordinary Euclidean geometry, a point in space can be represented by P = (X, vy, z). Its distance from the
origin is r = V(x2 + y? + z?), so 1> = x> + y? + 22,

Four-Dimensional Space-Time

In relativity, an event is represented by P = (ct, X, y, z). Here X, y, z represent spatial coordinates, t
represents time, and c is the speed of light. Since ct has units of length, the four quantities can be combined
in a four-dimensional coordinate system. Thus, a space-time event can be written as X = (ct, X, y, 2).
The Space-Time Interval

For two events separated by dt, dx, dy and dz, the space-time interval is

ds? = cdt*> — dx? — dy? — dz?

If dr* = dx*> + dy* + dz?, then ds*> = c*dt*> — dr>. The important property is invariance under Lorentz
transformations: ds? = ds”. Thus, although different inertial observers may measure different spatial and
temporal coordinates, the space-time interval remains unchanged.

Classification of Space-Time Intervals

If ds? > 0, the interval is timelike.

If ds2 = 0, the interval is lightlike or null.

If ds2 < 0, the interval is spacelike.

For light travelling in vacuum, dr = cdt, and therefore ds? = ¢2dt*> — ¢2dt* = 0.

Minkowski Space

Minkowski space is the four-dimensional mathematical space used in special relativity. Its quadratic form
is
Szzcztz_xz_yz_zz

For one-dimensional motion, s> = ¢t — x2. For an object moving with constant velocity v, x = vt. Therefore
ct = (c/v)x, which represents a straight world-line in a space-time diagram.

The Light Cone (Added Discussion)

A useful geometric picture of Minkowski space is the light cone. At any event, the paths of light rays
passing through that event (ds? = 0) form a cone that divides space-time into three regions: the future light
cone (timelike, ds? > 0, reachable by a signal travelling slower than light), the past light cone (timelike
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events that could have influenced the present event), and the region 'elsewhere’ (spacelike, ds? < 0), which
cannot be reached from the event without exceeding the speed of light. Figure 2 illustrates this structure
for one spatial dimension x plotted against ct, together with the world-line of a massive particle, which
must always remain within the future light cone because its speed is always less than c.

Figure 2. Minkowski Space-Time Diagram
with Light Cone
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Figure 2. Minkowski space-time diagram showing the light cone, the timelike (future/past) and spacelike
(elsewhere) regions, and the world-line of a massive particle.

The light cone structure is central to causality in special relativity: only events inside or on the boundary

of the light cone of a given event can be causally connected to it.

Lorentz Transformation

Suppose two inertial reference frames S and S’ move relative to each other with constant velocity v along
the x-axis. The Lorentz transformation is

x'=ykx—vt) t'=yt—vx/c?)

where y = 1/ V(1 — v¥/c?). The remaining coordinates are unchanged: y' =y and z' = z. The quantity vy is
called the Lorentz factor.

Mathematical Properties of the Lorentz Factor
Let p=v/c. Theny=1/(1 — 3. At v=0, y = 1. As v increases, y increases. As v approaches c, y
approaches infinity. Therefore, the Lorentz factor has strong nonlinear behaviour near the speed of light.

Numerical Analysis of the Lorentz Factor

The Lorentz factor was calculated for selected values of p = v/c using y = 1/N(1—B?). The results are
presented in Table 1 and plotted in Figure 1, which clearly shows the near-linear behaviour at low B and
the sharp divergence as B — 1.

0.00 1.0000
0.10 1.0050
0.20 1.0206
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0.30 1.0483
0.40 1.0911
0.50 1.1547
0.60 1.2500
0.70 1.4003
0.80 1.6667
0.90 2.2942
0.95 3.2026
0.99 7.0888

Figure 1. Lorentz Factor as a Function of Relative Velocity
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Figure 1. The Lorentz factor y as a function of § = v/c, with the tabulated values of Table 1 marked.

Time Dilation

If Ato is the proper time interval measured by a clock in its rest frame, an observer moving relative to the
clock measures At = yAto. Therefore, At = Ato / V(1 — v?/c?). For Ato = 1 second, the observed time equals
the Lorentz factor in seconds. The calculated values show increasing time dilation as v approaches c.

0.00 1.0000 1.0000
0.50 1.1547 1.1547
0.80 1.6667 1.6667
0.90 2.2942 2.2942

Length Contraction

Let Lo be the proper length of an object measured in the frame in which it is at rest. An observer who sees
the object moving with velocity v measures L = Lo/y. Therefore, L = Lo V(1 — v#/c?). For Lo = 100 m, the
measured length decreases as v increases, as shown in Table 3.
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0.00 1.0000 100.0000
0.50 1.1547 86.6025
0.80 1.6667 60.0000
0.90 2.2942 43.5890

Relationship Between Time Dilation and Length Contraction

Both effects arise from the same Lorentz transformation. Time dilation follows At = yAto, while length
contraction follows L = Lo/y. Thus, time intervals are multiplied by y while lengths parallel to the direction
of motion are divided by vy. Figure 3 plots both quantities together against B, showing their opposite
(reciprocal) trends.

o Figure 3. Time Dilation and Length Contraction vs. v/c 100
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Figure 3. Time dilation (At, left axis) and length contraction (L, right axis) as functions of p = v/c, for
Ato =1 s and Lo = 100 m.

Matrix Representation of Lorentz Transformation
For motion along the x-axis, define X = (ct, x)". Then

(ct"x)T=[y —yB, —yB y] (ct,x)T, where g = v/c.
This demonstrates that Lorentz transformations can be studied using linear algebra and matrix methods.

Invariance of the Space-Time Interval

For one-dimensional motion, s? = ¢*? — x2. Using ct’ = y(ct — Bx) and x’ = y(x — Bct),

"2 =y[(ct = px)* = (x = pct)’]

After expansion, s = y*(1 — B?)(c?*t> — x?). Since y> = 1/(1—p?), we obtain s = ¢*t> — x> = s2. Therefore, the
space-time interval is invariant under Lorentz transformation.

Application: Space-Time Mathematics in Satellite Navigation (Added Section)

The mathematics of space-time is not purely theoretical: it has direct engineering consequences. The
Global Positioning System (GPS) relies on atomic clocks carried aboard satellites orbiting at an altitude
of about 20,200 km with a speed of roughly 3.87 km/s. Special-relativistic time dilation causes these clocks
to run slightly slower than identical clocks on the ground, by about 7 microseconds per day, an effect
computed directly from At = yAto using the methods of Section 10. A second, larger effect from general
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relativity (gravitational time dilation, not treated in this study) causes satellite clocks to run about 45
microseconds per day faster than ground clocks. The net correction of about 38 microseconds per day is
small, but if it were not applied, GPS position errors would accumulate at roughly 10 km per day. This
example shows how the four-dimensional mathematics of space-time developed in this paper underlies
technology used every day.

Results and Discussion

The numerical analysis shows that the Lorentz factor is close to 1 at low velocities and increases rapidly
near the speed of light. Consequently, relativistic effects are small when v is much less than c, but become
increasingly important at high velocities. Time dilation increases with y, while length contraction
decreases as 1/y. The invariance of the space-time interval provides a mathematical quantity that is
unchanged between inertial reference frames, and the light cone construction of Section 6.1 provides the
corresponding geometric picture of causality.

Research Contribution and Novelty

This study does not claim to introduce a new physical law. Its contribution is a systematic mathematical
and numerical analysis of the space-time framework. The study combines four-dimensional coordinate
representation, Minkowski geometry, the light cone, Lorentz transformations, matrix representation,
analytical verification of the space-time invariant, numerical analysis of the Lorentz factor, time dilation,
and length contraction, and a worked application to satellite navigation. This provides a mathematical
bridge between coordinate geometry, linear algebra, and relativistic physics.

Limitations of the Study

The study focuses primarily on special relativity and inertial reference frames. It does not provide a
complete mathematical treatment of general relativity, curved space-time, Einstein's field equations,
gravitational waves, cosmological models, or quantum gravity. The numerical analysis is mainly one-
dimensional.

Scope for Further Research

Future research may extend the mathematical framework to curved space-time, metric tensors,
Schwarzschild geometry, black-hole mathematics, cosmological models, and computational simulations.
In particular, the metric form ds? = guv dxp dxv provides a natural starting point for a mathematical study
of general relativity.

Conclusion

The mathematical study of space-time provides an important framework for understanding relativistic
motion. By combining three spatial dimensions with time, space-time provides a four-dimensional
description of physical events. The Lorentz factor controls the mathematical behaviour of time dilation
and length contraction, and its nonlinear growth near the speed of light is clearly demonstrated by
numerical analysis. The space-time interval remains invariant under Lorentz transformations, providing a
fundamental invariant of Minkowski geometry, and the light cone gives this invariance a clear geometric
and causal meaning. Overall, the study demonstrates how coordinate geometry, algebra, matrices,
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functions, and numerical analysis can be combined to study space-time and selected mathematical
properties of the universe, including at least one concrete technological application.
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