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Abstract

In this paper, we introduce the downhill Kepler Banhatti and the modified downhill Kepler Banhatti
indices of a graph. Furthermore, we compute these newly defined downhill Kepler Banhatti indices for
some standard graphs, wheel graphs, gear graphs, helm graphs and certain chemical structures.
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1. Introduction

The simple graphs which are finite, undirected, connected graphs without loops and multiple edges are
considered. Let G be such a graph with vertex set V(G) and edge set E(G). The degree dg(u) of a vertex
u is the number of vertices adjacent to u.

A u-v path P in G is a sequence of vertices in G, starting with « and ending at v, such that consecutive
vertices in P are adjacent, and no vertex is repeated. A path 7 = v,v,,..v;,; 1n G is a downhill path if

forevery i, 1 <i<k, dG(Vi)ZdG(Vm)-

A vertex v is downhill dominates a vertex u if there exists an downhill path originated from u to v. The
downhill neighborhood of a vertex v is denoted by N, (v) and defined as: N, (v) = {u: v downhill dom-

inates u}. The downhill degree d,, (v)of a vertex v is the number of downhill neighbors of v, see [1].

In [2], Kulli introduced the Kepler Banhatti index and this index is defined as
KB(G)= 3 (dg )+ dg W)+ Jdg ) +dg (V).

uveE(G)

Recently, some Kepler Banhatti indices were studied in [3, 4, 5, 6, 7].

Motivated by the Kepler Banhatti index, the downhill Kepler Banhatti index of a graph G is defined as
pWKB(G) = (d,, )+ dy (W4 Jd,, ) +d, () ).

uveE(G)

We define the modified downhill Kepler Banhatti index of a graph G as
1

"DWKB(G)= '
web@ d (u)+d, (v)+ \/ddn (u)’ +d, (v)’
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Recently, some downhill indices were studied in [8-16].

In this paper, the downhill Kepler Banhatti and the modified downhill Kepler Banhatti indices for some
chemical structures are determined.

2. Results for Some Standard Graphs
Proposition 1. Let G be r-regular with n vertices and 7> 2. Then

(2+\/§)n(n—1)r'

DWKB(G) = 5

Proof: Let G be an r-regular graph with n vertices and » > 2 and % edges. Then d,, (v)=n—1 for every

vin G.
From definition,

DWKBG)= Y (dyy ) +dyy )+, () +dy ()

uveE(G)

2%((n—1)+(n—1)+\/("—1)2+(”_1)2)

(2+\/§)n(n—1)r
5 .
Corollary 1.1. Let C, be a cycle with n> 3 vertices. Then
DWKB(C,)=(2+2)n(n-1).
Corollary 1.2. Let K, be a complete graph with n> 3 vertices. Then

(2+\/5)n(n—1)2
3 .

DWKB(K, )=

Proposition 2. Let G be r-regular with n vertices and > 2. Then

r

20242)(n-1)

Proof: Let G be an r-regular graph with n vertices and » > 2 and % edges. Then d,, (v)=n-1 for

" DWKB(G) =

every vin G.
1

uveE(G) ddn (u) + ddn (V) + \/ddn (Ll)2 + ddn (V)z

_nr 1
2 (=1 + (=D +y(n =1 +(n—1)°

" DWKB(G) =

_ nr
2(2442)(n-1)
Corollary 2.1. Let C, be a cycle with n> 3 vertices. Then

n

(2+2)(n-1)
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Corollary 2.2. Let K, be a complete graph with n> 3 vertices. Then

" DWKB(K, )= ————

2(2+42)

Proposition 3. Let P, be a path with nJ3 vertices. Then
DWKB(B,)=2(n-1+(2+2)(n-3)(n-1).

Proof: Let P, be a path with n[13 vertices. Clearly, P, has two types of edges based on the uphill degree
of end vertices of each edge as follows:

Ev={uv O E(Pn) | dan(u)=0, da(v)=n—1},| E1| =2.
E>={uv O E(Py) | dan()= dan(v)=n— 1}, | E2|=n-3.

DWKB(E)= 3 (dy )+ dyy () gy 0 +dyy ()7

uveE(P,)

=204 =D 40+ D7 )+ =3 =D+ =D+ =1 + (1= 1))

=4(n-1D+2+v2)(n-3)(n-1).

Proposition 4. Let P, be a path with n[13 vertices. Then
_ 1 N n—-3

(=1 (2+42)(n-1)
Proof: We obtain

" DWKB(PF,)

1

" DWKB(P,) =
wiB(R) (1) + dygy (V) +d gy () +dy (v)
2 (n-3)
= +
0+(n=1)+y0* +(n=1 =D+ =D+ =1)> +(n—1)
1 n—-3

= + :
(n=1" (2+42)(n-1)
3. Results for Wheel Graphs

Let W, be a wheel with n+1vertices and 2n edges, n[14. Then there are two types of edges based on the
uphill degree of end vertices of each edge as follows:

E = {MV DDE(VVn) | ddn(”) =n, ddn(v) =n-1 }; |E1 | =n.
E,= {MV [ DE(VVn) | ddn(”) = ddn(v) =n-1 }a |E2 | =n.

Theorem 1. Let IV, be a wheel with n+1vertices and 2n edges, n[]4. Then
DWKB(W,)=(4+2)n".

Proof. We deduce
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DWKB(W,) = S (dgy () +dyy ) +Jdyy @) +dy )

uveE(W,)

=+ G- D+ 2+ G- D)+ (G- D+ G- D+ G- D+ Gu- 1)
= n(2n— 1+ «2n*- 2n+ 1)+ Q@+ 2)n@- D.

Theorem 2. Let W, be a wheel with n+1vertices and 2n edges, n[]4. Then

n n

2n—1++2n% =20 +1 +(2+J§)(n—1)'

Proof. We obtain

" DWKB(W,) =

1

" DWKB(W, )= > >
weEW)d, (w)+d, (W) ++d, W) +d, (v)
dn dn dn dn

n n
+
nt G- D+ G- I G- D+ G- D+ G- D+ G- 1Y

n n
= =+ .
- 1+ 202 - 2n+1 @+ 2)xn- D

4. Results for Gear Graphs

A bipartite wheel graph is a graph obtained from W, with n+1 vertices adding a vertex between each pair
of adjacent rim vertices and this graph is denoted by G, and also called as a gear graph. Clearly, |[V(G»)|
=2n+1 and |[E(G,)| = 3n. A gear graph G, is depicted in Figure 1.

5 & Vv o,

Figure 1. Gear graph G,

Let G, be a gear graph with 3n edges, n[14. Then there are two types of edges based on the uphill degree
of end vertices of each edge as follows:

E1 = {u OOE(Gy) | dan(ut) =21, dan(v) = 21, | E1 | =n.
E> = {u OOE(Gy) | dan(ut) =2, , dan(v) = 0, | E» | =2n.

Theorem 3. Let G, be a gear graph with 2n+1vertices, n[13. Then
DWKB(G, )= 10n+ 2n* + 2nn* + 1.
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Proof: We deduce

DWKB(G,)= Y (dy()+dyy 0)4\Jdy, () +d,y 0 )
uveE(G,)

= 120+ 24y + 22 )+ 20(2+ 0+ 22+ 07)
= 10n+ 20" + 2nyn* + 1.

Theorem 4. Let G, be a gear graph with 2n+1vertices, n[13. Then
n n
"DWKB(G,)= + =
@) 2+ 2+ 202+ 1 2

Proof: We deduce

1
uveE(G,) ddn (u) + ddn (V) + \/ddn (u)2 + ddn (V)2

" DWKB(G,) =

n 2n
= +
2n+ 2+ @Y + 2> 2+ 0+ V22 + 0

n

n
= + —.
2n+ 2+ 2yn*+1 2

5. Results for Helm Graphs

The helm graph H, is a graph obtained from W, (with n+1 vertices) by attaching an end edge to each rim
vertex of W,. Clearly, |V(H,)| = 2n+1 and |E(H,)| = 3n. A graph H, is shown in Figure 2.

u

Figure 2. Helm graph H,

Let H, be a helm graph with 3n edges, n[13. Then H, has three types of the uphill degree of edges as
follows:

Ev={uv OOE(H,) | dan(u) = 2n, dan(v) =2n—-1}. | E1|=n.
E>={uv OOE(H,) | dan(tt) = dan(v) = 2n—1}. | E> | =n.
Es={uv OUEH,) | da(u) =2n—-1, da(v) = 0}. | E3 | =n.
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Theorem 5. Let H, be a helm graph with 2n+1 vertices, n[J3. Then

DWKB(H,)= n(4n- 1+ 8- 4n+ 1)+ @4+ 2)nQ@n- D.

Proof: We obtain

DWKB(H,)= 3 (dyy )+ dgy )4y @) +dyy )
uveE(H,)

= 120+ 2n- 14 J@n¥ + @n- 1P )+ nl@n- D+ @n- D+ J@n- 17+ @n- 17)

+n(@n- D+ 0+ Jan- 7+ 07)
= n(4n- 1+ 8- 4n+ 1)+ @+ 2Dn@n- D.

Theorem 6. Let H, be a helm graph with 2n+1vertices, n[13. Then

" DWKB(H, )=

n n n
+ + .
dn- 1+ 8n’- dn+1 Q@+ 2)2n- D 2Qn- D
Proof: We deduce

1

"DWKB(H,)=
weE(,) d gy () + d gy (V) 4l d g, () +dy ()
_ n N n
2+ 2n- 1+ @Y + Qn- 1% Qn- D+ Qn- D+ J@n- 1%+ Qn- 1)
n
+
Qn- D+ 0+ JQn- ' + 0
n n n

= + + .
dn- 1+ 8n2- an+1 @Q+2)2n- D 2Qn- D

6. RESULTS AND DISCUSSION: CHLOROQUINE

Chloroquine is an antiviral compound (drug) which was discovered in 1934 by H.Andersag. This drug is
medication primarily used to prevent and treat malaria.

Let G be the chemical structure of chloroquine. This structure has 21 vertices and 23 edges, see Figure 3.

loi

jo®
Cl N

Figure 3. Chemical structure of chloroquine

IJSAT25037670 Volume 16, Issue 3, July-September 2025 6



https://www.ijsat.org/

International Journal on Science and Technology (IJSAT)

E-ISSN: 2229-7677 e Website: www.ijsat.org e Email: editor@ijsat.org

From Figure 3, we obtain that
{(d,, (w),d,,(v) )\ uv (1 E(G)} has 13 edge set partitions.

Table 1. Edge set partitions of chloroquine

dy,w),d, W\ w0 99) 29 (1,9 (@7) (1,7)
E(G) 2 2 1 1 2
Number of edges 25 44 @2 @D (0,9)
1 1 4 1 2
(0,5) (0,4) (0,1)
2 2 2

In the following theorem, we compute the different versions of multiplicative arithmetic-geometric indi-
ces of chloroquine.

Theorem 7. Let G be the chemical structure of chloroquine. Then

DWKB(G) =199 + 272 + 24/85 + /82 + /53 + 24/50 + /29 + 17.

Proof: We obtain

DWKB(G) = S (dyy )+ dyy )+ (0 +dyy ()7
uveE(G)

(9+9+ 92+92)+2(2+9+\/22+92)+1(1+9+\/12+92)+1(2+7+\/22+72)+2(1+7+\/12+72)
(2454422152 ) 4110412142 ) 442424422422 )1 1(14 142+ 12) 4 2(0+ 94+ 402 +97)
+2(0+5+ 02+52)+2(0+4+\/02+42)+2(0+1+\/02+12)

After simplification, we obtain the desired result.
Theorem 8. Let G be the chemical structure of chloroquine. Then

2 2 1 1 2 1 1
+ n n + + +
18+ 92 11+ /85 10++/82 9++/53 8++50 7+29 5+ 17
L3 28l
2+ 2 '

Proof: We deduce

" DWKB(G)=

1
2 2
uveE(G) ddn (u)+ddn (V)+\/ddn (u) +ddn (V)
2 1 1 2

2
= + + + +
9+ 9+ 92+ 9% 2+ 9+ 422+ 9> 1+ 9+ 12+ 9 2+ 7+ 22+ 7P 1+ T+ 12+ T
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1 4 2

1 1
+ + + +
2+ 5+\/22+ 57 1+ 4+\/12+ 4% 2+ 2+\/22+ 22 1+1+\/12+12 0+ 9+ 02 + 9

2

2 2
+ + + )
0+5+40°+5  0+4+J0P+4 0+1++0°+ 1

+

After simplifying, we get the desired result.

7. RESULTS AND DISCUSSION: HYDROXYCHLOROQUINE

Hydroxychloroquine is another antiviral compound (drug) which has antiviral activity very similar to
that of chloroquine. These compounds have been repurposed for the treatment of a number of other
conditions including HIV, systemic lupus erythmatosus and rheumatoid arthritis.

Let H be the chemical structure of hydroxychloroquine. This structure has 22 vertices and 24 edges, see

Figure 4.
J\_A/ (\OH
HN N

~

-~

Ccl N
Figure 4. Chemical structure of hydroxychloroquine

From Figure 4, we obtain that
{(d,;,(w),d,,(v))\uv O E(H)} has 14 edge set partition

Table 2. Edge set partitions of hydroxychloroquine

dyWw),d, ) \uw 0 99 29 (19 (298 (1,8)
E(H) 2 2 1 2 1
Number of edges 25 @14 22 (LD 0,9
1 1 5 1 2
(0,5) (0,4) (0,2) (0,1)
2 2 1 1

Theorem 9. Let H be the chemical structure of hydroxychloroquine. Then
DWKB(H) =209 +29/2 + 2/85 + /82 + 517 + /65 +29.

Proof: We obtain

DWKB( =S (dy )+ dyy )4\ @) +dyy (0 )

uveE(H)

IJSAT25037670 Volume 16, Issue 3, July-September 2025 8
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=2(9+9+\/92 +92)+2(2+9+\/22+92)+1(1+9+\/12+92)+2(2+8+x/22+82)+1(1+8+\/12+82)
(2454422 +52)+1(1+4+\/12+42)+5(2+2+\/22 +22)+1(1+1+\/12+12)+2(0+9+\/02+92)
+2(0+5+\/02 +52)+2(0+4+\/02 +42)+1(0+2+\/02+22)+1(0+1+\/02+12)

Simplification gives the desired result.
Theorem 10. Let A be the chemical structure of hydroxychloroquine. Then

2 2 1 2 1 1
+ + + + +
184942 11++/85 10++/82 5+17 9465 7+29
+ 5 + 1 -1-2
4+ 22 2+ 2 45

"DWKB(H) =

Proof: We obtain
1

"DWKB(H) =
WweB) dyy () + d gy (v) 4\ d gy () +dy, (v)
_ 2 .\ 2 . 1 .\ 2 . 1
0+ 9+ 492+ 97 249422+ 92 1+ 9+ 1P+ 97 248+ 42248 1+8+ {12+ 8
1 1 5 1 2
_|._

- - - -
245422+ 57 1+ 4+ P+ 4 242+ 22422 141+ B+ 12 0+ 9+ 0P+ 92
1

2 2 1
+ + + + .
0+ 5+\/02+52 0+ 4+\/02+42 0+ 2+\/02+ 22 0+1+\/02+12

After simplification, we get the required result.

8. RESULTS AND DISCUSSION: REMDESIVIR
Remdesivir is an antiviral drug which was developed by the biopharmaceutical company Gilead
Sciences. Let R be the molecular graph of remdesivir. This graph has 41 vertices and 44 edges.

Figure 5. Chemical structure of remdesivir

From Figure 5, we obtain that

IJSAT25037670 Volume 16, Issue 3, July-September 2025 9



https://www.ijsat.org/

International Journal on Science and Technology (IJSAT)

E-ISSN: 2229-7677 e Website: www.ijsat.org e Email: editor@ijsat.org

{(d,, (u),d,;,,(v))\uv 0 E(R)} has 20 edge set partitions.

Table 3. Edge set partitions of remdesivir

dy, (Ww),dy, (v) 0,19 (7,19) 9.9 @9 @9 @7 (@7 (6,6)
\uveE(R) 1 1 3 2 2 2 1 1
Number of edges  (4.0) (L,6) (1,5 (44) (22) (L1) (0,19) (09)
2 4 1 4 2 3 2 1
0,7 (0,6) (0,5 (0,1)
3 4 3 2

Theorem 11. Let R be the chemical structure of remdesivir. Then

DWKB(R) =516+ 702 + /442 + /410 + 2+/85 + 2/82 + /50 + 413 + 4/57 + /26.

Proof: We obtain

DWKB(R)= S (dy )+ dyy () 4\ ) +dy (0 )

uveE(R)

—1(941943/97 1197 )+ 1(7 4194472 4197 ) +3(9 494402 492 )+ 2(249 4122 497 ) + 2149+ /12 +97)
2747487 472 ) 4114742472 ) 11(6 46 4462 +62 )+ 2(4 + 6 4+ V42 + 6 ) + (1 + 6+ V12 + 62 )
+1(1+5+ 12+52)+4(4+4+\/m)+2(2+2+\/m)+3(1+1+\/127)+2(0+19+\/m)
(0494302 +9%) +3(04 74402+ 72 )+ 4(0+ 6+ 402162 ) +3(0+ 54402+ 52 ) + 200+ 1402 +12).

After simplifying the above equation, we get the desired result.

Theorem 12. Let R be the chemical structure of hydroxychloroquine. Then

1 1 1 2 2

"DWKB(R) = + + + +
28++/442 264410 6432 11++/85 10++/82

+ 2 + ! + ! + ! + 4

14+72 8450 12462 5413 7+37

1 5 1 1 3.1, 3
+—+ —+1.

+ + +—+ —+ =
6++26 2++2 19 18 14 3 10

Proof: We obtain
1

" DWKB(R) =
uveE(R) ddn (u) + ddn (V) + \/ddn (u)2 + da’n (V)z

IJSAT25037670 Volume 16, Issue 3, July-September 2025 10
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1 1 3 2 2
_9+19+J¢+1¢4_T+w+\h%+w2+9+9+4¢+92+2+9+Jf+92+1+9+JF:57
+ 2 + ! + ! + 2 + 4

7+7+m 1+7+\/12+772 6+6+\/m 4+6+\/m 1+6+\/12+762
+ ! + 4 + 2 + 3 + 2
145+ P+ 5 4+ 4+ 8+ 4 24242+ 27 141+ P+ 12 0419+ 0P+ 197

2

1 3 4 3
+ + + + + )
o+9+JW+92 0+ 7+ 0>+ 7° 0+6+J(V+62 0+5+J(V+52 0+ 1+ 0> + 12

By simplifying, the result is obtained.

9. Conclusion

In this paper, the downhill Kepler Banhatti and modified downhill Kepler Banhatti indices of a graph are
defined. Also these newly defined the downhill Kepler Banhatti indices of some standard graphs, wheel
graphs, gear graphs, helm graphs and some chemical structures are determined.
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