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ABSTRACT

This research article explores the geometric and mathematical significance of the parabola; a fundamental
conic section defined as the locus of a point whose distance from a fixed point (focus) and a fixed line
(directrix) are equal. Moving beyond its classical definition, the study introduces a set of one hundred
newly derived theorems concerning the tangent, normal, sub-tangent, sub-normal and focus of the
parabola. Each theorem is rigorously developed with detailed proofs, step-by-step derivations, and
illustrative diagrams to aid comprehension. In addition, the article presents a further 100 original theorems
that establish precise mathematical relationships between the tangent, normal, focus, and other essential
elements of the parabola. A preamble provides the fundamental formulas necessary for the derivations.
Collectively, these contributions expand the theoretical framework of parabola geometry and serve as a
significant reference for scholars engaged in advanced studies of conic sections and related fields.

Keywords: Parabola, Conic sections, Tangent, Normal, Directrix.
1. INTRODUTION

The parabola, one of the most fundamental conic sections, holds a central place in both pure and applied
mathematics. Defined as the locus of a point equidistant from a fixed point (the focus) and a fixed line
(the directrix), the parabola has been extensively studied for its elegant geometric properties and wide-
ranging applications in physics, engineering, and computational sciences. Despite its classical treatment
in mathematics, the parabola continues to reveal deeper structural insights when examined through modern
approaches.

This research article extends the traditional study of the parabola by introducing newly derived theorems
concerning its tangent, normal, and focus. Each theorem is rigorously developed with comprehensive
proofs, detailed step-by-step derivations, and carefully constructed diagrams to facilitate understanding.
Beyond these results, the article also establishes refined mathematical relationships between the tangent,
normal, focus, and other essential geometric elements of the parabola. To support these derivations, a
preamble is provided containing the fundamental formulas and parametric equations of the parabola,
which serve as the basis for the logical progression of proofs and these contributions enrich the theoretical
framework of parabola geometry, offering new perspectives for advanced studies in conic sections and
related mathematical fields.

Analysis & Derivations of basic equations
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Fig. 1

Common descriptions for the analysis of the elements of a parabola y* = 4ax are
Referring fig. 1,

Point O is vertex [1] of parabola,

Point F is known as focus,

point A is the intersection of axis of symmetry [2] and Directrix [3].

Point P is anywhere on the parabola and a tangent is drawn at the point P.

Point Q is projection of point P on axis of symmetry.

Co-ordinates of point P at anywhere on parabola y? = 4ax with respect to parametric form is (at?, 2at).
Therefore, 0Q = x = at? & PQ = OR = y = 2at, where, t is called parameter of the parabola.
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Fig. 2

Point T is intersection of tangent with axis of symmetry.

point S is intersection of normal with axis of symmetry.

Points G & H are extremities of Latus rectum [4] of the parabola and value of GH is equal to 4a.
Points Q is projection of point P on axis of symmetry & tangent at vertex respectively.

Points R chord perpendicular to axis of symmetry through point Q

Point M is intersection of vertical line at vertex O and tangent.

Point N is intersection of Directrix and tangent.

Point J is intersection of focal chord [5] with the parabola.

Referring fig. 2,

Point L is intersection of perpendicular line to tangent through point A.

Point V is intersection of perpendicular line to tangent through point O.

Point U is intersection of perpendicular line to tangent through point Q.

Point U is intersection of tangent and perpendicular line to tangent through point Q.

Point u is intersection of perpendicular line to tangent through point J and vertical line through vertex O.

Referring fig. 3,
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Point E is intersection of perpendicular line to normal from point A.
Point B is intersection of perpendicular line to normal from point O.
Point C is intersection of perpendicular line to normal t from point F.
Point D is intersection of perpendicular line to normal from point Q.
Point K is intersection of perpendicular line to normal from point R.

Point (0 is intersection of perpendicular line to normal from point J

Fig. 3

Referring fig. 4,

£ PFQ = 0°

£ POQ = ¢°
£PTO =8 =0°/2

IfZPFQ =0°, 2 TPF = 2 PFC = « CFS = 2QPS = 2OMF = 6°/2
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Fig. 4

Referring fig. 5,

Point I is intersection of perpendicular line from point J and the tangent.
Point W is intersection of line JI and axis of symmetry.

Point X is intersection of focal chord through F & M and the parabola.
Point Y is intersection of focal chord through F & M and the parabola.

Point Z is intersection of perpendicular line from point F and the tangent.
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Directrix

Fig. 5
Referring fig. 6,
Point A is intersection of line JN and axis of symmetry.

Point u is intersection of line JN and tangent at vertex.

Fig. 6

Referring fig. 7,
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Point a is intersection of tangent at vertex and normal at P.
Point 7 is intersection of vertical line at F and the normal at P.
Point ¢ is intersection of tangent at vertex and a line parallel to axis of symmetry through point P.

Point w is intersection of vertical line at F a line parallel to axis of symmetry through point P.

Z _ Directrix_

i.:l_

T?,L _

Fig. 7
PREAMBLE- A
Referring fig.1,

Let, Focal length (OF) = a, OF is also called as Semi-parameter of the parabola. FA is known as
Parameter. FP is called as focal distance [6].

0Q
— at2 (A.1)
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OR =PQ
= 2at (A.2)
AF
= 2a (A.3)
OF =0A = AF

)
=a (A.4)
FG = FH
= 2a (A.5)
SQ
= 2a (A.6)

Referring fig.1,

FQ = 0Q — OF

Substituting egns. (A.1) and (A.4) in above,
~FQ=(axt?)—a

- FQ

= a(t?
-1) (A.7)

Referring fig.1,

OP? = 0Q* + PQ?

Substituting egns. (A.1) and (A.2) in above,
OP? = (a x t?)? + (2at)?

~ OP?% = a%t* + 4a%t?

.~ OP? = a%t?(t? + 4)

~ 0P
= aty/t2 + 4

Referring fig.1,

(A.8)

FP? = FQ? + PQ?
Substituting egns. (A.7) and (A.2) in above,

~ FP? = [a(t? — 1)]? + (2at)?
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= FP? = a%(t? — 1)? + 4a’t?

~ FP? = a(t* + 1 —t?) + 4a’t?

~ FP% = a?t* + a% — 2a%t? + 4a%t?
» FP? = a%t* +a’ + 2a%t?

« FP? = a%(t* + 1 + 2a°t?)

~ FP? = a%(t* + 1)

~ FP
= a(t?
+1)

Referring fig.1,
0S = 0Q + QS
Substituting egns. (A.1) and (A.6) in above,
0S = at? + 2a

~ 0S
= a(t?
+2)

Referring fig.1, we already know that
0T =0Q

~ 0T
= at?

Referring fig.1,

TQ = OT + 0Q

Substituting egns. (A.11) and (A.1) in above,
~ TQ = at? + at?

2 TQ
= 2at?

Referring fig.1,
PT? = TQ? + PQ?

Substituting egns. (A.12) and (A.2) in above,

(A.9)

(A.10)

(A.11)

(A.12)
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~ PT? = (2at?)? + (2at)?
~ PT? = 4a%t* + 4a%t?
~ PT? = 4a%t*(t2 + 1)
. PT
= 2at\/m
Referring fig.1, in right-triangle PQS
PS? = QS?% + PQ?
Substituting eqgns. (A.6) and (A.2) in above,
PS? = (2a)? + (2at)?
~» PS? = 4a? + 4a?%t?
~PS?2 =4a%(t? + 1)

~ PS

= Za\m
Referring fig.1,
TS = TQ + SQ
Substituting egns. (A.12) and (A.6) in above,
TS = 2at® + 2a
~ TS = 2at? + 2a

~ TS
= 2a(t?
+1)

Referring fig.1,

TF = OT + OF

Substituting eqgns. (A.11) and (A.4) in above,
~ TF=at’+a

«~ TF
= a(t?
+1)

(A.13)

(A.14)

(A.15)

(A.16)
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Referring fig.1, A TQP & A TOM are similar

_PQ _OM
"TQ OT

PQ x OT
M= D@ x0T
TQ

Substituting eqgns. (A.2), (A.11) & (A.12) in above,

2at X at?
~ 2at?

~ OM
= at

Referring fig.1, in right-triangle FOM,
FM? = OF? + OM?
Substituting eqgns. (A.4) and (A.17) in above,
~ FM? = a% + (at)?
~» FM? = a2 + a?t?
~ FM? = a?(t?2 + 1)

~ FM

o
Referring fig.1, in right-triangle FOM,
TF? = TM? + FM?
~» TM? = TF? — FM?

Substituting egns. (A.16) and (A.18) in above,

~ TM? = [a(t? + 1)]? — (ah/t2 + 1)

~TM?2 =a2(t2 + 1)2 —a%(t? + 1)

2

~TM2 =a2(t2 + D[t2 +1 —1]
~ TM? = a2(t? + 1)(t?)

~ TM? = a%t2(t2 + 1)

~TM = aty/t2 + 1

(A.17)

(A.18)

(A.19)
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Referring fig.1, in right-triangle PMF,
FP? = FM? 4+ PM?
. PM? = FP? — FM?

Substituting eqgns. (A.9) and (A.18) in above,

S PM? = [a(t? + DI - (a2 + 1)

~PM?2 =a%(t2 + 1)2 —a%(t?+ 1)
~PMZ =a?2(t?+1D)(t?2+1-1)
-~ PM? = a%(t? + 1)(t?)
~ PM? = a®t?(t* + 1)
- PM
=at/t2 + 1
Referring fig.1, TA = OT — OA
Substituting egns. (A.11) and (A.4) in above,
~TA=at’—a

~ TA
= a(t?
—1)

Referring fig.1, in right-triangle QOM,

QM? = 0Q? + OM?

Substituting egns. (A.1) and (A.17) in above,
-~ QM? = (at?)? + (at)?

© QM2 = a%t* + a%t?

~ QM2 = a?t?(t? + 1)

-~ QM
= atyt2 + 1

Referring fig.1, FS = FQ + SQ

Substituting egns. (A.7) and (A.6) in above,

(A.20)

(A.21)

(A.22)
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~FS=a(t*—-1)+2a
~FS=a[t* —1+2]

~ FS
=a(t’+1)

Referring fig.1, in right-triangle QFG,

QG? = FQ? + FG?

Substituting eqgns. (A.7) and (A.5) in above,
~ QG% =[a(t? — 1]? + (2a)?

% QG* = a%(t? — 1)% + 4a®

~ QG2 =a%[(t? — 1)? + 4]

QG

=a/(t?—1)2+4
Referring fig.1, PR = 2PQ
Substituting eqgns. (A.2)

~ PR =2 X 2at

~ PR
= 4at

Referring fig. 5, SG* = SF? + FG?

Substituting egns. (A.23) & (A.5) in above eqgn.,
SG? = [a(t? + 1)]? + [2a]?

~ SG? = [a(t? + 1)]? + [2a]?

~ SG? = a%(t? + 1)? + 4a?

=~ SG? = a?[(t? + 1)? + 4]

=~ SG
=a/(t?+1)2+4

Referring fig. 1, AS = TS — TA

Substituting egns. (A.15) & (A.21) in above eqn.,

(A.23)

(A.24)

(A.25)

(A.26)
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~AS=2a(t?+1)—a(t®-1)
~AS=a(2t?+2—-t2+1)

~ AS
= a(t?
+ 3)

Referring fig. 1, AM? = 0A% + OM?
Substituting eqgns. (A.23) & (A.5) in above eqgn.,
~ AM? = a% + (at)?
~ AM? = a* 4 a*t?
~ AM? = a%(t? + 1)

o AM

e
Referring fig. 1, AQ = AF + FQ
Substituting eqgns. (A.3) & (A.7) in above eqn.,
~AQ=2a+a(t>?-1)
~AQ=a(2+t*—1)

~ AQ
=a(t?+1)

PREAMBLE- B
Referring fig. 2, A TAN & A TQP are similar

AN PQ
“TA T TQ

PQ X TA
N = DX TA
TQ

Substituting eqgns. (A.2), (A.21) & (A.12) in above,

_ 2atx a(t? —-1)
B 2at?

~ AN

~ AN
_a(t’—1)
- t

(A.27)

(A.28)

(A.29)

(B.1)
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Referring fig. 2, in right-triangle FAN,
FN% = AF% + AN?

Substituting eqgns. (A.3) and (A.22) in above,

a(t? — 1))2

FN?% = (2a)% + < n

BN = 4a? + <a2(t2 — 1)2>

t2

_4a’t? +a%(t? - 1)°

. 2
~ FN o)
4a%t% + a%(t* + 1 — 2t?
oo FN2 = ( )
t2
a?(4t? +t* + 1 — 2t?
oo FN2 = ( )
t2
a%(t* + 1+ 2t
oo FN2 = ( > )
t
a?(t? + 1)?
~ FN?2 = ¥
tZ
~ FN
a(t? +1
_al ) (B.2)
t
Referring fig. 2, in right-triangle TAN,
TN? = AT? + AN?
Substituting eqgns. (A.21) and (A.22) in above,
2
a(t? —1
~TN?2 =[a(t? - 1]* + (%)
2
a(t? -1
~TN? =a?(t? - 1)% + (%)
a2(t2 — 1)2
-~ TN? = az(tz — 1)2 + %
L TN? = ( ) a“( )
t2
IJSAT25038389 Volume 16, Issue 3, July-September 2025 15



https://www.ijsat.org/

IISAT

International Journal on Science and Technology (IJSAT)

E-ISSN: 2229-7677 e Website: www.ijsat.org e Email: editor@ijsat.org

TN = a’(t* — D*(t* + 1)

t2
.~ TN
_a(t®-1Dvt2+1

t

Referring fig. 2,

PN =PT —TN

Substituting egns. (A.13) and (A.27) in above,

a(t? — DVt2 + 1
PN=2at\/t2+1—<( t) )

_ 2at’vt?+1—a(t? — DVE2 +1
B t

~ PN

avt? + 1[2t2 —t? + 1]
t

. PN =

~ PN

_alt?+1DV2 +1
B t

Referring fig. 2, A TPS & A TUQ are similar,

“PS_UQ

TS TQ
PS x TQ

Q=75

Substituting eqgns. (A.14), (A.12) and (A.15) in above,

_ 2avt?+1x 2at?
o 2a(t2+1)

2 UQ
3 2at?

N

Referring fig. 2, in right-triangle PUQ),

PUZ — PQZ _ UQZ

Substituting egns. (A.2) and (B.5) in above,

[JSAT25038389

(B.3)

(B.4)

(B.5)
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2 2
~ PU?% = (2at)? —< 2at >

t2+1

2+4
. PU? = 4a%t% — <4a ¢ >

t2+1

. PUZ = 42%t%(t? + 1) — 4a%t*
- - t2 41

_4att? (P +1-t%)

PU?
t2+1

. PUZ = 432%t2
h 241
-~ PU

_ 2at

V2 + 1
Referring fig. 2, A TPS & A TVO are similar,

“PS 0OV
TS OT
PS X OT
TS

Substituting eqgns. (A.14), (A.11) and (A.15) in above,

OV = 2aVt? + 1 x at?
T 2a(t2+ 1)

at?
N
Referring fig. 2, A PNJ & A PMF are similar,

JN _FM
“PN  PM

N_FMXPN
~ PM

Substituting egns. (A.18), (A.11) and (A.20) in above,

(B.6)

(B.7)
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5 a(t? + 1)vt2 +1
at+1><< t

.'.]N:
atvtz + 1

N_a(t2+1)\/t2+1xl

t t

~ N
Calt?+ DVt +1

t2

Referring fig. 2, A TPS & A TLA are similar,
_PS AL
TS TA

L_PSXTA
TS

Substituting eqgns. (A.14), (A.21) and (A.15) in above,

_2avtz+1xa(t’—1)

~ AL
2a(t? +1)

. AL
_a(t?—-1)
t2+1
Referring fig. 2, A PQT & A ZFT are similar

_FZ _PQ
“TF  TQ

PQ X TF
. FZ = Q
TQ

Substituting eqgns. (A.2), (A.16) & (A.12) in above,

_ 2atxa(t®+1)
B 2at?

~ FZ

~ FZ
_at?+1)
=——

Referring fig. 2, NM = TM — TN

Substituting egns. (A.19) & (B.3) in above,

(B.8)

(B.9)

(B. 10)
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NM = aty/t2 + 1 _a® - v+

t

_at’VtZ+1-—a(t® - DVt +1

t

M= avtz2 + 1(t2 —t2 + 1)

t

~ NM

~ NM
avtz + 1

t

PREAMBLE-C

Referring fig. 3, A TPS & A OBS are similar
PT OB

TS  0OS

_PTxO0S

~ OB
TS

Substituting eqgns. (A.13), (A.10) & (A.15) in above,

B = 2atvtz + 1 x a(t? + 2)
B 2a(t2 + 1)

=~ OB
_atx (t?+2)
t2+1
Referring fig. 3, A TPS & A FCS are similar
PT _ FC
TS  FS
- PT X FS
TS

Substituting egns. (A.13), (A.23) & (A.15) in above,

o 2atvVtz + 1 x a(t> + 1)
B 2a(t2 + 1)

~ FC
=at/t2 + 1

Referring fig. 3, A TPS & A FCS are similar

(B.11)

(C.1)

(C.2)
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PT QD
TS SQ
PT x SQ
D=
TS

Substituting egns. (A.13), (A.23) & (A.15) in above,

Do 2atvt? + 1 x 2a
- 2a(t2+1)

2at

QD =
t2+1

In addition to above derivation, referring fig. 3, QD = PU

Substituting eqgn. (A.26),

=~ QD
_ 2at

N

Comparing egns. (C.3) & (C.4), both are same results.

Referring fig. 3, A TPS & A FCS are similar

PQ PR
QD RK

PR x QD
g — PR>QD
PQ

Substituting egns. (A.25), (C.3) & (A.2) in above,

4at X 2a
K =
2at

~ RK =4a
Referring fig. 3, in right-triangle PKR,
PR? = PK? + RK?
~ PK? = PR? — RK?
Substituting eqgns. (A.25) & (C.5) in above,
~ PK? = (4at)? — (4a)?

. PK? = 16a%t? — 16a?

(C.3)

(C.4)

(C.5)
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~ PK2 = 16a2(t2 — 1)

= PK
= 4a/t? -1 (C.6)
Referring fig. 3, SK = PK — PS
Substituting eqgns. (C.6) & (A.14) in above,
~SK=4ayt?—1—2aJt2 +1
+SK =2a(2yt2 — 1
— V2 +1) (C.7)
Referring fig. 3, in right-triangle OBS,
0S? = SB? + OB?
~ SB? = 0S? — OB?
Substituting egns. (A.10) & (C.1) in above,
at x (2 + 2)\°
- $B2 = (a(t2 + 2))° (—)
( ) t2+1
a’t? x (t> +2)2
BZ — 12(+2 2 2 _
S a‘(t“ + 2) < 1 >
. B2 = a?(t? + D (t? + 2)? — a?t? x (12 + 2)?
h B t2 + 1
2(t2+2)%[t2+1 —t2
~gp2 =2 ( )°[ ]
t2+1
2 t2 +2 2
~ SB? = u
t2+1
- SB
a(t? +2
= g (C.8)
t2+1
Referring fig. 3, in right-triangle OBS,
FS? = SC% + FC?
. SC? = FS? — FC?
Substituting eqgns. (A.23) & (C.2) in above,
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2
- 8C? = [a(t? + DJ? — (aty/e2 + 1)
~SC%2 =a2(t? +1)2 —a%t?(t? + 1)
~SC*=a?(t* + D[t* + 1 — t7]

~SC*=a%(t*+ 1)

= SC
=aytz +1 (C.9)
Referring fig. 3, A TPS & A AES are similar
PT AE
TS  AS
p_ PTXAS
TS
Substituting egns. (A.13), (C.10) & (A.15) in above,
- 2atVvt?2 + 1 x a(t? + 3)
B 2a(t2 + 1)
= AE
at(t> + 3
_e 43 (€.10)
t2+1
Referring fig. 3, PC = PS — SC
Substituting egns. (A.14) & (C.9) in above,
~PC=2ay2+1—ayt2+1
~PC=ayt2+1
Referring fig. 3, A TPS & A AES are similar
PS SE
TS AS
E = PS X AS
TS
Substituting eqgns. (A.14), (C.10) & (A.15) in above,
- 2avtz + 1 x a(t? + 3)
a 2a(t2 + 1)
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~ SE
_a(t®’ +3)
t2+1
Referring fig. 3, PE = PS — SE
Substituting eqgns. (A.14) & (C.11) in above,
t? +3
 PE =20y 11 (g)
t2+1

- 2a(t? +1) —a(t?> + 3)
t2+1

E_a(2t2+2—t2—3)
t2+1

~ PE
_a(t’—-1)
t2+1
Referring fig. 3, PB = PS — SB
Substituting egns. (A.14) & (C.8) in above,
t?2+2
~ PB =2ayt? +1 —u
t2+1

B 2a(t? +1) —a(t?> + 2)
t2+1

a2t +2-t*-2)
t2+1

~ PB

at?
Vi2+1
PREAMBLE- D

Referring fig. 4, in right-triangle FQP, let £ PFQ = 6°

FP
2a

—1- cos(0°)

2a

F] =
J 1 — cos(180 + 6°)

(C.11)

(C.12)

(C.13)

(D.1)
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~ F]
_ 2a D.2
1+ cos(8°) (D.2)

Adding reciprocals of egns. (D.1) & (D.2),

1 1 1 — cos(6° 1+ 6°

1,1 (89)) , (L+cos(8)

|FP| ~ |FJ| 2a 2a

1 N 1 1-cos(6°) + 1+ cos(8°)

IFP| IF]l 2a

1 1 _ 2
“[FP| || 2a
11
" IFP| " |F]]
= ! D.3
=~ (0.3)

Referring fig. 1,

GH = FG + FH

Substituting egn. (A.5) in above,

~ GH = 4a

. GH —

o T = a

Substituting the above eqn. in (D.3),

1 1 1

—_—t—=—

FP ' FJ (@)

4

1 4 1

FP ' F]

=4 X ! D.4
Referring fig. 1,
Eqn. (D.3) ! + .1z

.(D3)=—+=—=-

qan FP ' F] a

Eqn.(A.9) = FP =a(t? + 1)

Substituting egn. (A.9) in (D.3) in above,
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1 1 1

AC+D F a

1 1 1
"'F_]=5_<a(t2+1))
1 _t2+1—1
"F a2+ 1)

1t
CF O a(tz+1)

“
a(t?+1)
=—0a (D.5)

Referring fig. 1,
P] = FP + FJ
Substituting egn. (A.9) in (D.5) in above,

2
~Pl=a(t?+1) + <a(tt—2+1)>

_at?(®+ D +a(t’+1)
= -

P = a(t? + 1t)2(t2 +1)
“ P

Referring fig. 4. We know that 2 PFQ = 6°.

In right-triangle QFP,

sin(0°) = %

Substituting eqgns. (A.2) & (A.9) in above eqn.,

2at

sin(9°) = m
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=~ sin(0°)
2t
241

Referring fig. 5, if £ PTQ = 6°, 2 JFW is also equal to 6°

In right-triangle JWF,

sin(0°) = %

~ JW = FJ X sin(6°)

Substituting egns. (D.5) & (D.7) in above,

HIw= (a(tzt;r 1)> 8 <t22-|E 1)

o JW
_ 2a

Referring fig. 4. We know that « PFQ = 6°.
In right-triangle QFP,

cos(0°) = %

Substituting eqgns. (A.7) & (A.9) in above eqn.,

©°) = a(t?-1)
€08 a2+ 1)
=~ cos(6°)
_tP—1
241

Referring fig. 6, if £ PTQ = 6°, £ JFW is also equal to 6°
In right-triangle JWF,

FW
cos(0°) = F_]

.~ FW = FJ X cos(8°)

Substituting egns. (D.5) & (D.9) in above,

(D.7)

(D.8)

(D.9)

IJSAT25038389 Volume 16, Issue 3, July-September 2025

26


https://www.ijsat.org/

k=0

International Journal on Science and Technology (IJSAT)

E-ISSN: 2229-7677 e Website: www.ijsat.org e Email: editor@ijsat.org

CEW = a(t?+1) 8 t2 -1
" B t2 t2+1
-~ FW

a(t?-1)
= t—Z

Referring fig. 6, OW = OF — FW
Substituting egns. (A.4) and (D.10) in above,

a(t? — 1))

.'.0W:a—< t2

at? —a(t?’-1)

o OW = t2

at? —at?+1

oo OW = t2

In right-triangle FQP

tan(0°) = %

Substituting egns. (A.2) and (A.7) in above,
2at

o tan(e ) = m

=~ tan(0°)

_ 2t

12 -1

Referring fig. 5, TW = FT — FW
Substituting eqgns. (A.16) and (D.10) in above,

a(t?—-1)

TW=a(t?+1) — z

_at? (P + 1) —a(t’ - 1)
= 5

-~ TW

a(t*+t2—t2+1)
t2

s TW =

(D.10)

(D.11)

(D.12)
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-~ TW
a(t*+ 1)
= t—z

General formula to calculate tan (

e (6") _ sin(0°)
Rl T 1 + cos(8°)

0 ) ] sin(0°)

71 + cos(0°)

Substituting eqgns. (D.7) & (D.9) in above eqn.,

o 2t
° 2
2 14 (tz — 1)
t2+1
. 2t
0 tZ+1

'.'tan<7)= 2 +1+t2—1

t2+1

ot (e°)_ 2t ><t2+1
CRMN ) T et o

ot (9")_ 2t Xt2+1
SRy ) T et e

an(3)
< an 2

o

Referring fig. 3, in right triangle TWI, £ WTI is equal to )

) (9°)_WI
A7) T TW

eO
-~ WI = TW X tan (?)

Substituting eqgns. (D.13) & (D.14) in above eqn.,

at*+1) 1
WI — gx —
tZ
- WI
a(t*+1)
T

(D.13)

(D.14)

(D.15)

[JSAT25038389

Volume 16, Issue 3, July-September 2025

28


https://www.ijsat.org/

International Journal on Science and Technology (IJSAT)

k=0

E-ISSN: 2229-7677 e Website: www.ijsat.org e Email: editor@ijsat.org

General formula to calculate sin (?)

Substituting egn. (D.9) in above eqgn.,

0° 7
~ sin (—) = 41

e t2+1-t2+1
° 2
',.Sm t+1

wn
Pt
=
/N
|CD
o
N—
Il
ot
N
+
[N

e 1
"Sm(?>: t2 +1

s 90)
< SIn >

1
T VEZ+1
Referring fig. 5. In right-triangle SWZ,

SZ? = FS? + FZ?

Substituting egns. (A.23) & (B.10),

2 2
= SZ? =[a(t* + D]* + [@l

|1 —cos(8°)
= |—

(D. 16)
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a?(t? +1)2

« SZ2 = a2 4 1) + ——3

_att? (P + 12 +a%(t? + 1)?

. SZ2 oz

_at(P+ 1D (2+ 1)

. SZ2 o)

~ SZ
_a(®+DVEE+1

t

0°\ |1+ cos(6°)
General formula to calculate cos <?) is —

Substituting egn. (D.9) in above eqgn.,

t2+1

\/t2+1+(t2—1)

t2
- t2+1

0
Referring fig. 5, in right triangle OVM, 2 VOM = 0}

) (9°) VM
sin|—

2) - oM
90
<~ VM = OM X sin (?)

Substituting eqgns. (A.17) & (D.17) in above eqn.,

(D.17)

(D. 18)
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at

Nt

o

Referring fig. 3, 2 QPS = —

2
_ <6°) _ PD
5 COS 5) =P

60
~ PD = PQ X cos (?)

Substituting eqgns. (A.2) & (D.18) in above,

t
t2+1

~ PD = 2at X

~ PD
2at?

VZ+1
Referring fig. 3, SD = PS — PD

Substituting eqgns. (A.14) & (D.24) in above,

2at?
& SD =2ayt2+1-—

t2+1

b= 2a(t? + 1) — 2at?
t2+1

_2a(t? +1-1t%)
t2+1

~ SD

~ SD
2a

V@ +1
Referring fig. 5, AW = TW — TA

Substituting egns. (D.13) & (A.21) in above,

a(t* +1
wodt+D

TR a(t? —1)

(D.19)

(D. 20)

(D.21)
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Ca(t*+ 1) —at?(t? - 1)

-~ AW o)

at* + a — at* + at?

-~ AW o)

at> +a

~ AW
a(t?+1)
Referring fig. 5, QW = TQ — TW
Substituting egns. (A.12) & (D.13) in above,

a(t*+1)

QW = 2at* - ——

_ 2at*—a(t* +1)

~ QW =

# QW
a(t*—1)
= t—z

PREAMBLE- E
Referring fig. 5,

In right triangle FQP, 2 QFP = 6°

o

)
If£QFP = 6°  £QFX= 90— —

We already know that as per eqn. (D.1),FP =

2a
s FX = 5°
1 — cos (90 — 7)
~ FX
_ 2a
1 — sin (97)
t2—1

Eqn. (D.9) = cos(6°) = 211

(D.22)

(D.23)

1 — cos(0°)

(E.1)
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Substituting above eqn. in (E.1),

2a
FX =

(1 B \/t21+ 1)
2a
(m — 1)

t2+1

~FX =

2avt2 + 1

FX = —
VEri-1

~ FX
_ 2avt?+1
V2 +1-1
In right triangle FQP, 2 QFP = 6°

o

0 0
If2QFP = 0°, ~QFX= (9O+?)+180=270+7

We already know that as per eqn. (D.1),FP =

2a

- FY =

[1 + cos (270 + %)]

_ 2a
B |1+ sin (%)]
Substituting egn. (D.17) in above eqn.,
2a
(1 * t21+ 1)
Z2a

(er 1>

t2+1

FY =

s FY =

~ FY
B 2avt? + 1
Vie2+1+1

Referring fig. 5, XY = FX + FY

o

a
1 — cos(6°)

(E.2)

(E.3)
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Substituting eqgns. (D.18) & (D.19) in above eqn.,

_2avt?+1 N 2aVt? +1
VEZ+1-1 Ve2+1+1
Y_Za\/tz+1X(\/t2+1+1)+2a\/t2+1><(\/t2+1—1)
(VeZ+1-1)x (Ve +1+1)

Y_Za\/t2+1><\/t2+1+2a\/t2+1+Za\/t2+1><\/t2+1—2a\/t2+1
B t2+1—-1

v 4avt? + 1Vt2 + 1

t2
o XY
4a(t? + 1)
_ = (E.4)
Referring fig. 2, A OVM & A uNM are equal
_ VM _ NM
“OM  Mp
Mu = NM x OM
="M
Substituting eqgns. (B.11), (A.17) & (D.23) in above eqgn.,
<a t2+1 ) at
o= (B )+ (2
t t2+1
<a t2+1 ) <\/t2+1>
Mp={(——xXat | x
t at
- Mp
a(t> +1
_a+ 1) (E.5)
t
Referring fig. 6, Op = My — OM
Substituting egns. (D.24) & (A.17) in above eqn.,
a(t> +1
t
_a(t® +1) —at?
B t
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at? + a — at?
Oou=—""°

Referring fig. 2, A OVM & A uNM are similar

OV Np
"OM  Mp

0V x My

N
="M

Substituting eqgns. (B.7), (D.24) & (A.17) in above eqn.,

()2

at

N|_1 =

t241 at

_akt(t?+ 1) 1

=~ Np
=ayt?+1

Referring fig. 6, Ju = JN — Nu

~Ju=]JN—=Np
Substituting eqgns. (B.8) & (D.26) in above eqn.,
2+ DVEE+1
=X 32 W e
a(t?+ DVt2 + 1 —at?vtz2 + 1
H= 2
t

_avt2+1(t?+1-t%)

tZ

- Ju

o

Referring fig. 3, £ PJQ = >

(E.6)

(E.7)

(E.8)
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In right-triangle JQP,
2)-7

Ccos ? _P_]

~ JQ =P] X (eo)

~ JQ = PJ X cos >

Substituting eqgns. (D.6) & (D.18) in above eqgn.,

a(t? + 1) t
']Q: > X
t t2+1
a(t? +1)?
. ]Q =¥
vtz + 1
= JQ
_a(t?+1)VE2 +1

t

o

Referring fig. 3, £ PJQ = >

In right-triangle JQP,
) (9°) _PQ
Sin > = P]

eO
~ PQ = PJ] Xsin (;)

Substituting eqgns. (D.6) & (D.16) in above eqgn.,

-~ PQ
_alt?+1DVi2 +1

t2

Referring fig. 3, SQ = PS — PQ

Substituting egns. (A.14) & (E.10) in above eqgn.,

~SQ =2aJt2+1— (a(tz T DVE 1)

tZ

0= avtz + 1(2t> —t?2 — 1)

t2

(E.9)

(E.10)
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=~ SQ
_a(t? - V2 +1

t2

o

0
Referring fig. 5, 2 NTA = >

In right-triangle TNA,
(6°) _ TN
cos{> | =T

TN
oo T}\ =—F5"

(D)

Substituting eqgns. (B.3) & (D.18) in above eqn.,

— (a(t2 - 1)W> . ( t2t-l_ 1)

t

t

a(t?—1)vt2 +1 t2+1
o (L) (5

_alt? -1 +1)
= 5

o TA

~TA
a(t*—1)
= t—z

Referring fig. 5, AA = TA — TA

Substituting eqgns. (E.12) & (A.21) in above eqn.,

o AN = <a(t4—_1)> —a(t?—1)

t2
a(t*—1) —at?(t?-1)

Cat*—1) —at* —t?)
= 5

o AL

AA

_a(t4—1—t4+t2)

~ AA "

(E.11)

(E.12)
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s AN
a(t?-1)

Referring fig. 5, OA = OT — TA

Substituting eqgns. (A.11) & (E.12) in above eqn.,

a(tt — 1))

5~ OA = at? — ( =

at* —a(t*-1)
t2

-~ 0A =

Referring fig. 6, WA = TW — TA

Substituting egns. (A.11) & (D.13) in above eqn.,

W= (a(t4 + 1)> B <a(t4 - 1))
t? t2

Ca(tt*+ 1) —a(t* - 1)
= 5

-~ WA

Catt+1-t*+1)

~ WA "

~ WA
2a
1

Referring fig. 6, FA = FT — TA

Substituting egns. (A.16) & (D.13) in above eqn.,
a(t* — 1))

t2

~FA=a(t?*+1) —(

_at?(P+1) —a(t* - 1)

FA =

a(t*+t2—t*+1)

FA

(E.13)

(E.14)

(E.15)
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~ FA
a(t?+1)

Referring fig. 5, QA = TQ — TA
Substituting eqgns. (A.12) & (D.13) in above eqn.,

a(t* — 1))

-~ QA = 2at? — < =

2at* —a(t* - 1)

~ QA

- QA
a(t*+1)
= t—z

Referring fig. 5, SA = TS — TA
Substituting egns. (A.15) & (D.13) in above eqn.,

a(t* — 1))

~SA=2a(t?+1) — ( t2

2at?(t?+ 1) —a(t* -1
1= ( t)2 ( )

a(2e?(t?+ 1) - (t* - 1)
SA =
tZ
_att+2t2 -t + 1)
= -

- SA

a(t*+2t2+1)
SA = -

& SA
a(t? +1)?

Referring fig. 6, JA2 = WAZ + JW?2

Substituting eqgns. (E.14) & (D.8) in above eqn.,

() )

(E.16)

(E.17)

(E.18)
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4a% 432
oo ]}\2 = —4 —2
t t
4a% + 4a%t?
S ])\2 = 7
t
2 = 4a*(t* + 1)
t4-
s JA
2avt? + 1
=—0 (E.19)

Referring fig. 6, uA? = Opu? + 0A2

Substituting eqgns. (E.6) & (E.14) in above eqn.,

2

= B+ ()

2

avt? + 1
= t—z
Referring fig. 7, Po = 0Q

In right triangle MoP, £ MPo = >

e (6°)_Mo
~tan 2/ Po

o

- Mo = Po X tan (?)

Substituting eqgns. (D.14) & Po = 0Q in above eqn.,

1
. Mo = at? x;

(E.20)
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. Mo
= at

Referring fig. 7,

o

0
In right triangle Po d, 2 6 9P = 0}
) (6°) _Po
M\2) " 4o

Po
W00 = ——

'wn(%J
Substituting eqns. (D.14) & Po = 0Q = at? in above eqn.,
_0Q

(%)

0o =at?xt

s do

. do
= at?

o

In right triangle tTwP, £ wtP = 0}
) <9°) _ P
an 2] 1w
wP
tan (%)

Substituting egns. (D.14) & wP = FQ

ST =

Substituting eqn. (A. 7) in above, wP = a(t? — 1)

_at?—-1)

Q

S TW

S TW
= at(t?
— 1)

Referring fig. 7, Fw = PQ

(E.21)

(E.22)

(E.23)
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s~ Fw
= 2at (E.24)
Referring fig. 2, In right triangle 2 TLA = 90° & 2 ATL = 6° = )
o <6°) _ AL
“SMZ) T 1A
~ AL = TA X sin (?)
Substituting eqgns. (A.21) & (D.16) in above eqn.,
AL = a(t? — 1) x !
=a —
Vit 1
o AL
a(t? -1
t2+1
Referring fig. 2, In right triangle 2 TLA = 90° & £ ATL = 0}
) (6°) _TA
CO\Z) T
TA
o TL =—F
s (T)
Substituting egns. (A.21) & (D.18) in above eqn.,
'TL—a(t2—1)+( ‘ )
Weti
t2+1
.'.TL=a(t2—1)><< . )
=~ TL
a(t? —1Vtz +1
— (E.26)
t
Referring fig. 2, PL = PT — TL
Substituting egns. (A.13) & (E.26) in above eqgn.,
a(t> — DVt2 +1
PL=2at\/t2+1—< ( 2 )
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Lo 2at?Vt2 + 1 —a(t> — 1DVtz + 1

t

- avtz + 1(2t2 —t2 + 1)

t

- PL
a(t? + DVtz + 1
= (E.27)
t
The following table is abstract of derived equations of various elements of a parabola
Al |0Q=at? D1 |pp=—22
' Q=a ' 1 —cos(8°)
A2 |OR=PQ = 2at D2 |Fj=—22
' =PQ=2a ' ]_1+cos(6°)
A3 |AF =2 D.3 ! + ! = !
' - 2 IFPTH a
AF t2+1
A4 |OF=0A=>=a D5 |p=2E+D
2 t2
2 2
A5 | FG=FH = 2a D6 | py= 2D
t
A6 |SQ=2 D.7 | sin(6°) 2t
. = Za . %) =
sin t2+1
’ 2a
A7 |FQ=a(t"-1) D8 |Jw= -
2 _
A8 | OP =at/t2+4 D.9 | cos(6°) = T
2 _
A9 | FP=a(t®+ 1) D.10 | Fw = M
t
’ 1
A10 | OS =a(t* +2) D.11 | oW = =
A.11 | OT = at? D.12 | tan(6°) = 2t
' ' an 21
4
A12 | TQ = 2at? D.A3 | TW = M
t
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0° 1
Al3 | PT = 2atyt2 + 1 D.14 | tan <7> =<
a(t*+1
Al4 | ps = 200 1 D.15 | W] = (t_3)
—8° 1
A15 | TS = 2a(t®> + 1) D.16 | sin (—) =
2 t2+1
2 2
A16 | FT = a(t? + 1) D17 | gy L2 FDVE+T
t
0° t
A.l7 | OM = at D.18 | cos (—) =
2 t2+1
at
A.18 = 3+/t2 D.19 | VM =
2at?
A.19 = at/t2 D.20 | PD =
T™M = atyt + 1 T
2a
A.20 = at/t2 D.21 | SD =
PM = aty/t* + 1 21
2
A2l | TA = at? — 1) D22 | aw =2 D)
t
a(t*—1
A22 | QM = aty/t2 +1 D.23 | Qqw = ( = )
2
A23|FS=a(t?+1) E2 |pxo 2V HT
ViZ+1-1
/12
A24|QG=a [((2=1)2 + 4 E3 |FY= M
Ve +1+1
2
A25 | PR = 4at 4 |xy=RCHD
t
2
A26|SG=a/@T 17 +4 |E5 |Mu= a(t_t“)
da
A.27 | AS = a(t?> + 3) E6 |Op= T
A28 | AM = a\/t2 +1 E7 |Np=a/t2+1
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2
A29 | AQ = a(t? + 1) E8 |ju -Vt
t2
B.1 AN_a(tZ—l) EQ Q_a(t2+1)\/t2+1
ot - t
2 2 2
B2 |pyo2+D E10 | pgo AT+ DVEE+1
t t2
2 _ 2 2 _ 2
B3 N = a(t? — DVt2 +1 E1Ll | gq = a(t? — DVt2 +1
t t?
2 2 4 _
B4 | py — a(t? + DV + 1 £12 | Ty = a(t*—1)
t t2
2at? 2 _
B5 | UQ=—— £13 | oy 22 =D
t2+1 t?
B6 | PU = — E14 |OA =2
| VE+1 | o
at? 2a
B.7 |0V = E.15 | wA = —
t2 41 t
B8 _a(t®+1)Vt2 +1 E16 _a(t?+1)
. N — t2 . = t2
t2—1 4
B9 |aL=2 D 17 |qp= 2D
t2+1 t?
B.10 | p7 - AE+D £18 | g = A+ D’
t t2
2 2
BAl | gy VUL EL9 po2vttl
t t2
t(t? + 2 p
c1 |log2E4D E20 | p VU F!
t2+1 t2
C2 |FC=atJt2+1 E.21 | Mo = at
2at
C3 |Qb= E.22 | do = at3
t2+1
C5 |RK=4a E.23 | tw = at(t? - 1)
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C6 |PK=4at2 -1 E.24 | Fw = 2at
SK =2a(2yt?2 -1 t2 -1
_ t2+1) t2 +1
t2 4+ 2 2 _ 7
C.8 :u E.26 L:a(t 1)\/t +1
t2+1 t
2+ 1DVt2 + 1
C9 |scealizr1 E27 | pp = & +t) +
t(t?2+3 t2—1
c10 | ap =2 £ c12|pp=2 Y
ViZ+1 ViZ+1
t>+3 t?
ci1 | spo 43 C13 | PB = —
t2+1 t2+1

ANALYSIS & DERIVATIONS OF THE THEOREMS

THEOREM- 1:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at), then the t is called
parameter of the parabola and its value is given with respect to ¢° & 6°

t = 2cot(¢g°) = cot(8°) = cot (E)

2

Derivations for proof of the theorem

Referring fig. 4, in right-triangle OQP, let, 2 POQ = ¢°

P
tan(p°) = %

Substituting egns. (A.2) and (A.1) in above,

2at

st %) = —
an(g?) = -

. 2
tan((p ) = ?

2
~ tan(¢°)

(1.1)
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Referring fig. 4, in right-triangle TQP, let, 2 QTP = §°

tan(8°) = %

Substituting egns. (A.2) and (A.12) in above,

2at
tan(8°) = m
tan(8°) = —
ot
__! 1.2
~ tan(8°) (1.2)
Equating egns. (1.1) & (1.2),
let, 2 PFQ = 6°
t = 2cot(p®) = cot(8°)
60
= cot (?) (1.3)

Eqgn. (1.3) is mathematical expression of the theorem.
THEOREM- 2:

Relation between 6° & t. In a parabola y? = 4ax, the parametric equation of parabola is (x,y) =
(at?,2at), then the t is called parameter of the parabola and its value is given with respect to 8°

_ 1+ cos(0°)
~ sin(68°)
Referring fig. 4,

Eqn. (D.12) = tan(6°)

2t -
2 -1 21)

Substituting egns. (1.2) in above eqn.,

* (@)

-~ tan(0°) =
()
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~ tan(0°) = (THZTOZ)
(&)

-~ tan(0°) = (tin%>
Crcont)

2

~ tan(°) = 1(_@81)
(=)

=~ tan(0°) = (tanz(go)) X <1 t—a ?:IES;)S(’))

2tan(8°)
-~ tan(0°) = 1 — tan2(8°)

~ tan(0°) = tan(28°)
-~ 0°
= 28°

tan(0°) = %

Substituting egn. (A.7) in above,

. 2at
~ tan(0°) = m

2t
t2—1

=~ tan(0°) =

~ (t? — Dtan(0°) = 2t
=~ t?tan(08°) — tan(0°) = 2t
~ t?tan(B8°) — 2t — tan(6°) = 0

Solving the above quadratic eqn.,

_ 2++/4+ 4tan?(6°)
B 2tan(06°)

te 2 + 2./1 + tan?(06°)
R 2tan(0°)

(2.2)
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1
<1 + cos? (6°)>
tan(0°)

1
_ (1 + c05(9°))
~ sin(8°)
cos(0°)

(cos(9°) + 1)
cos(0°)
sin(0°)
cos(0°)

_(cos(B°) £ 1 cos(6°)
= < cos(6°) > 8 <sin(e°)>

_cos(0°) +1
~ sin(8°)

St =

cos(6°) +1
= s P nten
_cos(0°) — 1

Sin(8%) is invalid

ot
1 + cos(6°)
sin(0°)

Eqn. (2.2) & (2.3) is mathematical expression of the theorem.

THEOREM- 3:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

1 N 1 1 ( OB )
FX2 " FY?2 2\FC x OF2
Derivations for proof of the theorem

2aVt? + 1
vVt +1-1
42%(t2+ 1)

C24+14+1-2V2+1
4a%(t> + 1)

Ce242-2V2+1

Egn.(E.1) = FX =

~ FX2

_cos(6°) —1

(2.3)

(3.1)
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2avtZ + 1
ViZ+1+1
L PY? = 42%(t2+ 1)
2+1+1+2Ve2+1
_ 42%(t2 + 1) 32)
242+ 2Ve2+1

Adding reciprocal of eqns. (3.1) & (3.2),
1 1 _<t2+2—2\/t2+1>+<t2+2+2\/t2+1>

Eqn.(E.2) = FY =

2R 422(t2 + 1) 4a2(t2 + 1)
1 N 1 2 +2-2V2+1+t2+2+2Vt2 + 1
T FX?2 O OFY? 4a2(t2 4+ 1)
1 N 1
" FX2 ' FY?2
2(t2 + 2)
_ (3.3)
4a%2(t2 + 1)

1 N 1 (®+2)
T FX2 FY?  2a2(t2+1)

Referring fig. 3,

at x (t2 +2)

Egn.(C.1) = OB =
t2+1

Eqn.(C.2) = FC = aty/t2 + 1

<at x (t? + 2))
—_— X = —
2 X OF2 FC 2a2 atvtz + 1

1 OB 1 atx(t®+2) 1

. X — =

R = X X
2x0F?  FC 2a° V2+1 atViZ+1

1 ( OB )
So=X | —
2 FC x OF2

(2 +2)
T 2a2(t2 + 1) (3.4)

Equating egns. (3.3) & (3.4),
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1 4 1
FX? = FY?

1 OB
=3 (rexom) 05
Eqn. (3.5) is mathematical expression of the theorem.
THEOREM- 4:
In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
FM =5C
Derivations for proof of the theorem

Eqgn.(A.18) = FM

=ayt?+1 (4.1)
Eqgn.(C.9) = SC
=ayt?+1 (4.2)

Equating the eqgns. (4.1) & (4.2),
FM = SC (4.3)
Eqn. (4.3) is mathematical expression of the theorem.
THEOREM- 5:
In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
FQ=TA
Derivations for proof of the theorem

Eqn.(A.7) = FQ

= a(t?
-1 (5.1)
Eqn.(A.21) = TA
= a(t?
-1) (5.2)
Equating the egns. (5.1) & (5.2),
FQ
—TA (5.3)

Egn. (5.3) is mathematical expression of the theorem.
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THEOREM- 6:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
FN =FZ

Derivations for proof of the theorem

Eqn.(B.2) = FN

t?+1
t
Eqn.(B.10) = FZ
t2+1
t
Equating the egns. (6.1) & (6.2),
FN = FZ (6.3)
Eqn. (6.3) is mathematical expression of the theorem.
THEOREM- 7:
In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
Ju=pa
Derivations for proof of the theorem
Eqn. (E.8) = Ju
avt? + 1
-5 (7.1)
Eqn. (E.20) = pA
avtz + 1
=~ (7.2)
Equating eqgns. (7.1) & (7.2),
Ju=pa (7.3)

Eqn. (7.3) is mathematical expression of the theorem.
THEOREM- 8:
In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

RK = GH
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Derivations for proof of the theorem

Eqn.(C.5) = RK
= 4a (8.1)

Eqn.(A.5) = FG =FH = 2a

~ GH =2 X FG
= 4a (8.2)

Equating egns. (8.1), (8.2)
RK = GH (8.3)
Eqn. (8.3) is mathematical expression of the theorem.
THEOREM- 9:
In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
FA=FJ
Derivations for proof of the theorem

Eqn.(E.16) = FA
_at?+1)

= (9.1)

Egn.(D.5) = FJ
a(t?+1)
= t—2

(9.2)
Equating the egns. (9.1) & (9.2),

FA=F] (9.3)
Egn. (9.3) is mathematical expression of the theorem.
THEOREM- 10:
In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
TL=TN

Derivations for proof of the theorem

Eqgn.(E.16) = TL
_a(®-1DveE+1

t

(10.1)
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Eqn.(B.3) = TN
_a(t? - DVt +1

t

Equating the egns. (10.1) & (10.2),
TL=TN
Egn. (10.3) is mathematical expression of the theorem.
THEOREM- 11:
In a parabola y?* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
Qr=TW
Derivations for proof of the theorem

Eqn.(E.17) = QA
a(t*+ 1)
= t—z

Eqn.(D.13) = TW
a(t*+ 1)
= t—Z

Equating the egns. (11.1) & (11.2),
QA =TW
Egn. (11.3) is mathematical expression of the theorem.
THEOREM- 12:
In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
SA=PJ
Derivations for proof of the theorem

Eqgn. (E.18) = SA
_a(t? +1)?

= =
Eqn.(D.6) = PJ
_a(t? +1)?

= 5

Equating the egns. (12.1) & (12.2),

(10.2)

(10.3)

(11.1)

(11.2)

(11.3)

(12.1)

(12.2)
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SA
= PJ

Eqgn. (12.3) is mathematical expression of the theorem.

THEOREM- 13:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

FN =FZ
Derivations for proof of the theorem

Eqn.(B.2) = FN
_a(t®+1)
==

Eqn. (B.10) = FZ
_at?+1)
B t

Equating egns. (13.1), (13.2)

FN
=FZ

Egn. (13.3) is mathematical expression of the theorem.

THEOREM- 14:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

OV =PB
Derivations for proof of the theorem

Eqn.(B.7) = OV
_at?
Ny

Eqn.(C.13) = PB
2

at
T VEZ+1
Equating egns. (14.1), (14.2)

ov
= PB

Eqn. (14.3) is mathematical expression of the theorem.

(13.1)

(13.2)

(14.1)

(14.2)

(12.3)

(13.3)

(14.3)
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THEOREM- 15:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
AQ =FS

Derivations for proof of the theorem

Eqn. (A.29) = AQ

= a(t?

+1) (15.1)
Eqn. (A.23) = FS

= a(t?

+1) (15.2)

Equating egns. (15.1), (15.2)

AQ
= FS (15.3)

Eqgn. (15.3) is mathematical expression of the theorem.

THEOREM- 16:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
JN = PQ

Derivations for proof of the theorem

Eqn.(B.8) = N
_at? + DVE2 +1

tZ

(16.1)

Eqn. (A.23) = PQ
_alt?+1DVi2 +1

t2

(16.2)

Equating egns. (16.1), (16.2)

JN
= PQ (16.3)

Eqgn. (16.3) is mathematical expression of the theorem.
THEOREM- 17:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
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TN=TL
Derivations for proof of the theorem

Eqn.(B.3) = TN
_a(t? - DVt +1

t

(17.1)

Eqn. (E.26) = TL
_alt? -1Vt +1

t

(17.2)

Equating egns. (17.1), (17.2)

TN
= TL (17.3)

Eqgn. (17.3) is mathematical expression of the theorem.

THEOREM- 18:

In a parabola y?* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
FZ=Mu

Derivations for proof of the theorem

Eqn. (B.10) = FZ
_at?+1)

" (18.1)

Eqgn.(E.5) = Mu
_a(t®+1)

n (18.2)

Equating egns. (18.1), (18.2)

FZ
= My (18.3)

Eqgn. (18.3) is mathematical expression of the theorem.

THEOREM- 19:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
SC=FM = Nu

Derivations for proof of the theorem
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Eqgn.(C.9) = SC
=a/t2 +1 (19.1)
Eqn. (A.18) = FM
=a/t2 +1 (19.2)
Eqgn.(E.7) = Nu
=a/t2 +1 (19.3)
Equating egns. (19.1), (19.2) & (19.3)

SC = Np (19.4)
Eqgn. (19.4) is mathematical expression of the theorem.
THEOREM- 20:
In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
SZ=PN=PL=]0
Derivations for proof of the theorem

Eqn. (D.22) = SZ

a(t? + DVtz + 1
= : (20.1)
Egn.(B.4) = PN
ZH1VEZ +1
_ a(t” + 2 t2 + (20.2)
Eqn. (E.27) = PL
a(t? + DVtz + 1
= : (20.3)
Eqn.(E.9) = ]Q
24 1VEZ + 1
=a(t + t) t2 + (20.4)
Equating the egns. (20.1), (20.2), (20.3) & (20.4),
SZ = PN = PL
=] (20.5)

Eqgn. (20.5) is mathematical expression of the theorem.

THEOREM- 21:
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In a parabola y?* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
WA =2XxX0A
Derivations for proof of the theorem

Eqgn. (E.15) = WA

2a
== (21.1)
a
Eqn.(E.14) = 0A = o

Multiplying above eqn. by 2
s~ 2% 0A

2a
= = (21.2)

Equating the egns. (21.1) & (21.2),

wa
=2
X O\ (21.3)

Eqgn. (21.3) is mathematical expression of the theorem.
THEOREM- 22:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

_re

M
7=

Derivations for proof of the theorem
Referring fig. 8,

Eqn.(E.21) = Mo
= at (22.1)

Eqgn.(D.13) = PQ = 2at
Dividing above eqgn. by 2

 PQ
o
= at (22.2)

Equating the eqns. (22.1) & (22.2),
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Mo
= PZ—Q (22.3)
Egn. (22.3) is mathematical expression of the theorem.
THEOREM- 23:
In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
TQ =2x0Q
Derivations for proof of the theorem
Eqn. (A.12) = TQ
= 2at? (23.1)
Eqn.(A.1) = 0Q = at?
Multiplying above eqn. by 2,
2x0Q
= 2at? (23.2)
Equating the above eqgns. (23.1) & (23.2),
TQ
=2
x 0Q (23.3)

Eqgn. (23.3) is mathematical expression of the theorem.
THEOREM- 24
In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
PS =2XxS8C
Derivations for proof of the theorem
Eqn.(A.14) = PS
=202 + 1 (24.1)
Eqn.(C.9) = SC = aJ/t2 + 1
Multiplying above eqn. by 2,

2 X SC

= 2a/t2 + 1 (24.2)
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Equating the above eqgns. (24.1) & (24.2),

PS
=2
x SC (24.3)

Eqgn. (24.3) is mathematical expression of the theorem.

THEOREM- 25:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
PQ=2x0M

Derivations for proof of the theorem

Eqn.(A.2) = PQ
= 2at (25.1)

Eqn. (A.17) = OM
= at (25.2)

Multiplying eqgns. (25.2) by 2,
2X0M=2xat

Equating the above egn. & eqgn. (25.1)

PQ
=2
x OM (25.3)

Eqgn. (25.3) is mathematical expression of the theorem.

THEOREM- 26:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
TS =2 XFP

Derivations for proof of the theorem

Eqgn.(A.15) = TS
= 2a(t?
+1) (26.1)

Eqn.(A.9) = FP =a(t? + 1)

~ 2XFP
= 2a(t®* + 1) (26.2)
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Equating egns. (26.1) & (26.2),

TS
=2
x FP (26.3)

Eqgn. (26.3) is mathematical expression of the theorem.

THEOREM- 27:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
UQ =2x0V

Derivations for proof of the theorem

Eqgn.(B.5) = UQ

_ 2at? (27.1)
VE+1 |
Eqn.(A.7) = 0V at”
n. . =
K N
L 2X0V
_ v (27.2)
VE+1 '
Equating egns. (27.1), (27.2)
uQ
=2
x OV (27.3)
Eqgn. (27.3) is mathematical expression of the theorem.
THEOREM- 28:
In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
UuQ =2x0vV
Derivations for proof of the theorem
Eqn.(B.5) = PQ
= 2at (28.1)

Eqgn.(E.21) = Mo = at
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~ 2 X Mo
= 2at (28.2)

Equating egns. (28.1), (28.2)

PQ

=2

X Mo (28.3)
Eqgn. (28.3) is mathematical expression of the theorem.

THEOREM- 29:

In a parabola y?* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
PT=2XQM =2 XxPM

Derivations for proof of the theorem

Eqn. (A.13) = PT

= 2atyt? +1 (29.1)
Egn.(A.22) = QM = aty/t2 + 1
%~ 2% QM
=atyt? +1 (29.2)
Eqn.(A.20) = PM = aty/t2 + 1
~ 2 X QM
=atytz +1 (29.3)
Equating egns. (29.1), (29.2) & (29.3),
PT =2 x QM
=2 X PM (29.4)

Eqgn. (29.4) is mathematical expression of the theorem.

THEOREM- 30:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
SQ =2(0S —FP) = 2a

Derivations for proof of the theorem

Egn.(A.6) = SQ
=2a (30.1)
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k=0

Eqn. (A. 10) = 0S

= a(t?

+2) (30.2)
Eqn.(A.5) = FP

= a(t?

+1) (30.3)

Subtracting eqns. (30.3) from (30.2),
OS—FP=a(t?+2)—a(t?+1)
. 0S — FP = (at? + 2a) — (at? +a)

~0OS—FP=at?+2a—at®>?—a

~0S—FP=a
- 2(0S — FP)
=2a (30.4)

Equating egns. (30.1) & (30.4),

SQ = 2(0S — FP)
=2a (30.5)

Egn. (30.5) is mathematical expression of the theorem.

THEOREM- 31:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
XY =4 xFJ

Derivations for proof of the theorem

Eqn.(E.4) = XY

: @ (31.1)
Eqn.(D.5) = FJ = a(t2t_2+1)
Multiplying above eqn. by 4,
4 X FJ
=4
x @ (31.2)
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Equating the above eqgns. (31.1) & (31.2),

XY
=4
X FJ (31.3)

Egn. (31.3) is mathematical expression of the theorem.

THEOREM- 32:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
OT X OW = OF

Derivations for proof of the theorem

Referring fig. 8,

Eqn.(A.11) = OT

= at? (32.1)
Eqn.(D.11) = OW
1
== (32.2)
Eqn. (A.4) = OF
=a (32.3)
Multiplying egns. (32.1) & (32.2)
1
OT X OW = at? X
t
=~ 0T X OW
=a (32.4)
Equating the egns. (32.4) & (32.3),
OT x OW
= OF (32.5)

Eqgn. (32.5) is mathematical expression of the theorem.

THEOREM- 33:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
PN X NM =FZ

Derivations for proof of the theorem
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Referring fig. 8,

Eqn.(B.4) = PN
_a(t? + DVt +1

t

(33.1)

Eqn.(D.6) = NM
_avtr +1

=— (33.2)

a(t? +1
Eqn.(B.10) = FZ = g

FZ? =
(M)z (33.3)

t

Multiplying egns. (33.1) & (33.2)

(a(t2 + 1)Vt2 + 1) (an/t2 + 1)
PN X NM = X

t t

aZ(t? + 1)?

~ PN XNM =
t2

~ PN X NM
2 2
_ (a(t + 1)) (33.4)

t
Equating the egns. (33.4) & (33.3),

PN x NM
= Fz? (33.5)

Egn. (33.5) is mathematical expression of the theorem.

THEOREM- 34:

In a parabola y?* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
PQ x OW = JW

Derivations for proof of the theorem

Referring fig. 5,

Eqn.(A.2) = PQ
= 2at (34.1)
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Eqn. (D.11) = OW
1

e

(34.2)

Eqn.(D.8) = JW

2a
= T (343)

Multiplying eqgns. (34.1) & (34.2)
1
PQ x OW = 2at X (t—z)

=~ PQ x OW

2a
= T (34.4)

Equating the egns. (34.4) & (34.3),

PQ X OW
=W (34.5)

Egn. (34.5) is mathematical expression of the theorem.

THEOREM- 35:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
Mo x do = 0Q?

Derivations for proof of the theorem

Referring fig. 8,

Eqn.(E.17) = Mo
= at (35.1)

Eqn. (E.22) = do
= at3 (35.2)

Eqn.(A.1) = 0Q = at?

(- 0Q) 2 =ar2tr4 (35.3)
Multiplying egns. (35.1) & (35.2)
Mo X do = at X at3

~ Mo X do
= a’t* (35.4)
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Equating the egns. (35.4) & (35.3),

Mo X do
= 0Q?

(35.5)

Eqn. (35.5) is mathematical expression of the theorem.

THEOREM- 36:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

PS x PD = PT x QD = PQ?
Derivations for proof of the theorem
Referring fig. 8,

Eqn.(A.14) = PS
= 2at? +1

Eqn. (D.20) = PD
3 2at?

Ve 1
Eqn. (A.13) = PT

= 2aty/t2 +1

Eqn.(C.3) = QD
2at

N
Eqn. (A.1) = PQ = 2at

~ PQ?

= 4a°t?

Multiplying egns. (36.1) & (36.2)

2at?
PS X PD = 2a/t? + 1 X
vtz +1

~ PS X PD
= 4a%t?

Multiplying egns. (36.3) & (36.4)

2at
PT x QD = 2aty/t2 + 1 X
vtz +1

(36.1)

(36.2)

(36.3)

(36.4)

(36.5)

(36.6)
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~ PT x QD
= 4a°t? (36.7)

Equating the egns. (36.5), (36.6) & (36.7),

PS x PD = PT x QD
= PQ2 (36.8)

Eqn. (36.8) is mathematical expression of the theorem.

THEOREM- 37:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

QM x SZ = JQ x SZ = PQ?

Derivations for proof of the theorem

Referring fig. 8,
Eqn.(A.22) = QM
=at/t2 +1 (37.1)
Eqn. (A.19) = TM
=at/t2 +1 (37.2)
Eqn. (A.20) = PM

= atyt?2 + 1 (37.3)

Eqn. (D.17) = SZ
_a(®+ VR +1

t

(37.4)

Eqn.(E.9) = ]JQ
_a(t®+ DVEE+1

t

(37.5)

Eqn.(A.9) = FP =a(t?> + 1)
- FP?
+ 1)? (37.6)

Eqn.(A.16) = FT = a(t? + 1)

- FT2
+ 1)? (37.7)
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Eqn.(A.23) = FS=a(t? + 1)

~ FS2
+ 1)

Multiplying egns. (37.1) & (37.2)

2+ DVE2 +1
QMXSZ=at\/t2+1x<a( t) )

~ QM x SZ
=a%(t* + 1)

Multiplying eqgns. (37.3) & (37.4)

QM x JQ = aty/t? + 1 x (a(tz + wm)

t

~ QM x JQ
=a%(t* + 1)?

Multiplying egns. (37.3) & (37.4)

a(t2+ DVt2 + 1
TMXSZ=at\/t2+1x<( ) )

t

~TM X SZ
=a?(t? + 1)?

Multiplying eqgns. (37.3) & (37.4)

TM X JQ = aty/t2 + 1 X (a(tz Ve 1)

t

~ TM x JQ
=a%(t? + 1)

Multiplying egns. (37.3) & (37.4)

a(t? + DVe2 + 1
PMXSZ=at\/t2+1x<( ) )

t

< PM x SZ
=a?(t? + 1)

Multiplying eqgns. (37.3) & (37.4)

(37.8)

(37.9)

(37.10)

(37.11)

(37.12)

(37.13)
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k=0

t

PM X 0 = aty £ 1 x <a(t2 + DV + 1>

~ PM x JQ
=a?(t* + 1)? (37.14)
Equating egns. (37.9), (37.10) & (37.11), (37.12), (37.13), (37.14), (37.6), (37.7) & (37.8),

QM X SZ=QM X ]JQ =TM X SZ = TM X ]JQ = PM X SZ = PM x JQ = FP? = FT2
= FS2 (37.15)

Eqn. (37.15) is mathematical expression of the theorem.

THEOREM- 38:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
06 x 90 = OT X TQ = 2 x (0Q)?
Derivations for proof of the theorem
Referring fig. 7,
Eqn.(A.2) = PQ
= 2at (38.1)

Eqn.(E.22) = do
= at3 (38.2)

Eqn.(A.11) = OT
= at? (38.3)

Eqn. (A.12) = TQ
= 2at? (38.4)

Eqn.(A.1) = 0Q = at?
~ 2 x (0Q)?
= 2a%t* (38.5)
Multiplying egns. (38.1) & (38.2)
PQ x do = 2at x at3
Referring fig. 7, 0c = PQ

~ 0o X do
= 2a’t* (38.6)
Multiplying egns. (38.3) & (38.4)
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OT x TQ = at? x 2at?

» 0T X TQ
= 2a2t4 (38.7)

Equating the egns. (38.6), (38.7) & (38.5),

Oo xdo =0T x TQ
=2
x (0Q)? (38.8)

Eqn. (38.8) is mathematical expression of the theorem.

THEOREM- 39:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
PQXJW =TQ X WA

Derivations for proof of the theorem

Referring fig. 8,

Eqn.(A.2) = PQ

= 2at (39.1)
Egn.(D.8) = JW
_x 39.2
== (39.2)
Eqn.(A.12) = TQ
= 2at? (39.3)
Eqn. (E.15) = WA
2a
-2 (39.4)
Multiplying egns. (39.1) & (39.2)
2a
PQ X ]W = 2at X T
~PQ X W
= 4a* (39.5)

Multiplying egns. (39.3) & (39.4)

2a
TQ X WA = 2at? Xz
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5 TQ X WA
= 4a?

Equating the egns. (39.5) & (39.6),

PQ x JW
=TQ X WA

Eqgn. (39.7) is mathematical expression of the theorem.

THEOREM- 40:

In a parabola y?* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

0Q X PQ =PB X PT
Derivations for proof of the theorem
Referring fig. 3,

Egn.(A.1) = 0Q
= at?

Eqn.(A.2) = PQ
= 2at

Eqn. (C.13) = PB
3 at?

Vi2+1
Eqn. (A.13) = PT

= 2aty/t2 +1

Multiplying egns. (40.1) & (40.2)

0Q X PQ = at? x 2at

~ 0Q x PQ
= 2a%t3

Multiplying eqgns. (40.3) & (40.4)

2

a
PB X PT = X 2aty/t2 + 1
vtz +1
=~ TQ X WA
= 2a%t3

Equating the eqns. (40.5) & (40.6),

(39.6)

(39.7)

(40.1)

(40.2)

(40.3)

(40.4)

(40.5)

(40.6)

[JSAT25038389

Volume 16, Issue 3, July-September 2025

73


https://www.ijsat.org/

International Journal on Science and Technology (IJSAT)

E-ISSN: 2229-7677 e Website: www.ijsat.org e Email: editor@ijsat.org

k=0

0Q x PQ
= PB x PT (40.7)

Eqn. (40.7) is mathematical expression of the theorem.

THEOREM- 41:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
PR x Ou = PQ X JW

Derivations for proof of the theorem

Referring fig. 5,

Eqn.(A.25) = PR
= 4at (41.1)

Eqn. (E.6) = Ou
a

Eqn.(A.2) = PQ
= 2at (41.3)
Eqn.(D.8) = JW
_2a 41.4
== (414)
Eqn.(B.5) = UQ
_ 2at? (41.5)
Ve +1 |
Egn.(E.19) = JA
2avtz +1
=—a (41.6)
Multiplying egns. (41.1) & (41.2)
a
PR X Op = 4at x T
~ PRX Op
= 4a? (41.7)

Multiplying eqgns. (41.3) & (41.4)

2a
PQX]W=23tXT
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~PQXJW
= 4a?

Multiplying egns. (41.5) & (41.6)

UQ X A = 2at? y 2aVt2 + 1
e+l ©
~UQ X JA
= 42

(41.8)

(41.9)

Equating the egns. (41.7), (41.8) & (41.9),

PR X Op = PQ X JW

=UQ
X JA

(41.10)

Eqn. (41.10) is mathematical expression of the theorem.

THEOREM- 42:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

Tw X Fo=FQ XTQ
Derivations for proof of the theorem
Referring fig. 7,

Eqgn.(E.23) = tw
= at(t?
-1)

Eqn. (E.24) = Fw
= 2at

Eqn.(A.7) = FQ
= a(t?
-1)

Eqn. (A.12) = TQ
= 2at?

Multiplying eqgns. (42.1) & (42.2)
tw X Fo = at(t? — 1) x 2at

s~ tw X Fo = 2a%t2(t?
~1)

(42.1)

(42.2)

(42.3)

(42.4)

(42.5)
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Multiplying eqns. (42.3) & (42.4)
FQ x TQ = a(t* — 1) x 2at?

~ FQ X TQ = 2a2t?(t?
— 1)

Equating the egns. (42.5) & (42.6),

Tw X Fw

= FQ x TQ

(42.6)

(42.7)

Eqn. (42.7) is mathematical expression of the theorem.

THEOREM- 43:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

TQ x SQ = UQ X PS = PT x PU = PQ?

Derivations for proof of the theorem

Referring fig. 5,
Eqn. (A.2) = PQ = 2at
~ PQ?
= 4a°t?
Eqn. (A.12) = TQ
= 2at?
Egn.(A.6) = SQ

= 2a

Eqgn.(B.5) = UQ
3 2at?

N
Eqn.(A.14) = PS
= 2a/t?2 +1
Egn.(A.13) = PT

= 2atyt2 + 1

Eqn.(B.6) = PU
2at

vVt +1

(43.1)

(43.2)

(43.3)

(43.4)

(43.5)

(43.6)

(43.7)
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Multiplying egns. (0.2) & (0.3)
TQ x SQ = 2at? X 2a

~ TQ x SQ

= 4a%t?
Multiplying egns. (0.4) & (0.5),

2

2at
2
N X 2a\/t+1

UQ X PS =
t“+1

~ UQ x PS
= 4a°t?

Multiplying egns. (0.6) & (0.7),

2at
PT X PU = 2atyt2 + 1 X
vtz +1

=~ PT X PU = 4a?t?

Equating egns. (0.1), (0.6) & (0.7),

TQ X SQ =UQ X PS=PT x PU

= PQ?

(43.8)

(43.9)

(43.10)

Egn. (43.10) is mathematical expression of the theorem.

THEOREM- 44:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

FP x F] = AQ x FA = FN?
Derivations for proof of the theorem
Referring fig. 6,

Eqn. (A.9) = FP
= a(t?
+1)

Eqn.(D.5) = FJ
a(t?+1)
= t—z
Eqn. (A.29) = AQ

= a(t?
+1)

(44.1)

(44.2)

(44.3)
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Eqn.(E.16) = FA
a(t?+1)
= t—z

a(t?+1
Eqn.(B.2) = FN = g

=~ FN?
a%(t? + 1)?
Multiplying egns. (0.1) & (0.2)

a(t?+1)

FP X F] = a(t? + 1) x =

= FP X F]
a%(t? + 1)?
= t—z
Multiplying egns. (0.3) & (0.4)

a(t?+1)

AQX FA=a(t® + 1) x =

=~ AQ x FA
aZ(t? + 1)?
= t—z
Equating egns. (0.6), (0.7) & (0.5),

FP x F] = AQ X FA
= FN2

(44.4)

(44.5)

(44.6)

(44.7)

(44.8)

Eqn. (44.8) is mathematical expression of the theorem.

THEOREM- 45:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

JN X PS =2 x FN? = 2 x FZ?

Derivations for proof of the theorem

Referring fig. 1,

Eqn.(B.8) = N
_a(t®+ DVeE+1

t2

(45.1)
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Eqn. (A.14) = PS
=2ayt?+1

Multiplying egns. (45.1) & (45.2)

2 A/+2
]NxPS=<a(t RRAL +1>x2a\/t2+1

t2

222(2+ D%+ 1)
t2

~JN x PS =

~ JN X PS
2a%(t? + 1)?
= t—z

Referring fig. 1,

a(t? +1

Eqn.(B.2) = FN =(—)

a?(t? + 1)?

o FNZ =—( )
t2

Multiplying above eqn. by 2

. 2 x FN?
2a%(t? + 1)?
= t—z

Referring fig. 1,

a(t? +1
Eqn. (B.10) L Gl
a%(t? + 1)?
S Gl Vs
t2

Multiplying above eqgn. by 2
. 2 X F72
2a%(t?2 + 1)
= t—z

Equating egns. (45.3), (45.4) & (45.5),

JN X PS = 2 x FN2
=2
x FZ?

(45.2)

(45.3)

(45.4)

(45.5)

(45.6)
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Eqn. (45.6) is mathematical expression of the theorem.

THEOREM- 46:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

OA X OW =04
Derivations for proof of the theorem
Referring fig. 6,

Eqn.(D.11) = 0OA

=a (46.1)
Eqn.(D.11) = OW
_ tlz (46.2)
Eqn. (E.14) = 0A
- tiz (46.3)
Multiplying eqgns. (46.1) & (46.2),
0A><ow=a><12
t
~ 0A X OW
_ tjz (46.4)
Equating egns. (46.3), (46.4)
0A X OW
= O (46.3)
Eqn. (46.3) is mathematical expression of the theorem.
THEOREM- 47:
In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
OT X 0S = 0B X FC
Derivations for proof of the theorem
Referring fig. 3,
Eqn.(A.11) = OT
= at? (47.1)
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Eqn. (A. 10) = OS
= a(t?
+2)

Egn.(C.1) = OB
_at(t® +2)
t2+1
Eqn.(C.2) = FC
= atyt? + 1
Multiplying eqns. (47.1) & (47.2),
~» OT x 0S = at? x a(t? + 2)

~ 0T X 0S
= a’t*(t* + 2)

Multiplying eqgns. (47.3) & (47.4)

at(t? + 2
OB X FC = (¥> Xatyt2 + 1

t2+1

~ OB x FC
= a’t?(t? + 2)

Equating the egns. (47.5) & (47.6)

OT x 0S
= 0B x FC

Eqn. (47.7) is mathematical expression of the theorem.

THEOREM- 48:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

PT X PS =PQ x TS
Derivations for proof of the theorem
Referring fig. 1,

Eqn.(A.13) = PT
= 2atyt? + 1

Eqn.(A.14) = PS

=2a/t?+1

(47.2)

(47.3)

(47.4)

(47.5)

(47.6)

(47.7)

(48.1)

(48.2)
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Eqn.(A.2) = PQ
= 2at

Eqn.(A.15) = TS
= 2a(t?
+1)

Multiplying eqns. (48.1) & (48.2),

~ PT X PS = 2aty/t2 + 1 X 2a/t2 + 1

~ PT x PS
= 4a2%t(t? + 1)

Multiplying eqgns. (48.3) & (48.4)
PQ x TS = 2at x 2a(t?> + 1)

~PQ X TS
= 4a%t(t? + 1)

Equating the egns. (48.5) & (48.6)

PT x PS
=PQ x TS

Eqn. (48.7) is mathematical expression of the theorem.

THEOREM- 49:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

FCXxQD =2x0VXxFM
Derivations for proof of the theorem
Referring fig. 2,

Eqn.(B.7) = OV
at?

(48.3)

(48.4)

(48.5)

(48.6)

(48.7)

(49.1)

(49.2)

(49.3)
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Eqn.(C.3) = QD
_ Z2at

N
Eqn. (A.2) = PQ = 2at

PQZ — 4a2t2

PO

"=

= 2a°t?

Multiplying eqgns. (49.1) & (49.2),

t2

a
OV X FM = X atZ +1
vVt +1

OV X FM = a?t?
Multiplying above eqn. by 2,

-~ 2X0VxXFM
= 2a%t?

Multiplying eqgns. (49.3) & (49.4),

2at
FC X QD = aty/t2 + 1 X
V2 +1

~ FCx QD
= 2a°t?

Equating the egns. (49.5) & (49.6)

FC x QD = 2(0V x FM)
_PQ?
2

Eqn. (49.8) is mathematical expression of the theorem.

THEOREM- 50:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

NM X VM = 0A% = OF? = q?

Derivations for proof of the theorem

Referring fig. 2,

(49.4)

(49.5)

(49.6)

(49.7)

(49.8)
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Eqn.(B.11) = NM

avtz + 1
== (50.1)

Eqn.(D.23) = VM

at
= 50.2
vtz +1 (02)

Eqn.(A.4) => 0A =a

= a® (50.3)
Eqn.(A.4) > OF = a

- OF2
= a2 (50.4)

Multiplying egns. (50.1) & (50.2),

NMxVM—(a t2+1>><( at )
t V2 + 1

()

t2+1

~ NM X VM =

» NM X VM
= a2 (50.5)

Equating egns. (50.5), (50.3) & (50.4),

NM X VM = 0A? = OF? = a?

Eqgn. (50.5) is mathematical expression of the theorem.

THEOREM- 51:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
TW x TA = QW x QA4

Derivations for proof of the theorem

Referring fig. 5,

Egqn.(D.13) = TW
_att+1)

> (51.1)
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Eqn.(E.12) = TA
_at*—1)

= (51.2)

Eqn.(D.23) = QW
_att-1)

= (51.3)

Eqn.(E.17) = QA
_at*+1)

2 (51.4)

Multiplying egns. (51.1) by (51.2),

TW X T — (a(t4 + 1)) « <a(t4 - 1))

t2 t2

~ TW X TA
_af(t® - 1)

= (51.5)

Dividing eqns. (51.3) by (51.4),

aw = (D) o (1)

t2
~ QW X QA
_af(t® 1)

= (51.6)

Equating the above eqgn. (51.5) & (51.6)

TW x TA
= QW x QA (51.7)

Egn. (51.7) is mathematical expression of the theorem.

THEOREM- 52:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
JW x PQ = OT x OW = 2 X OF? = 2a?

Derivations for proof of the theorem

Referring fig. 5,
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Eqn.(A.5) = JW

_ 2 52.1
== (52.1)
Eqn.(A.19) = PQ
= 2at (52.2)
Eqn.(A.12) = TQ
= 2at? (52.3)
Eqn. (E.15) = WA
2a
= (52.4)
Eqn.(A.6) = SQ = 2a
-~ SQ?
= 4a? (52.5)
Egn.(A.19) > OF = a
s 4 x OF?
= 4a° (52.6)
Eqn.(A.5) = FG = FH = 2a
~ FG? = FH?
= 42 (52.7)
Multiplying egns. (52.1) & (52.2),
2a
JW x PQ = — x 2at
~ JW x PQ
= 42 (52.8)
Multiplying eqgns. (52.3) & (52.4),
2a
TQ X WA = 2at? Xz
=~ TQ X WA
= 4a? (52.9)

Equating egns. (52.4), (52.5), (52.7) & (52.3),

JW x PQ = TQ x WA = SQ? = 4 x OF2 = 2 x FG?
= 2 x FH? (52.10)
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Eqgn. (52.10) is mathematical expression of the theorem.

THEOREM- 53:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
FM X SQQ = FT X FW = TA X AW = AN X FN = AL X JN = TL X NM

Derivations for proof of the theorem

Referring fig. 3,

Eqgn.(A.18) = FM
=ayt2+1 (53.1)

Eqn.(E.11) = SQ
_a(®-1DveE+1

> (53.2)
Eqn. (A.16) = FT
= a(t?
+1) (53.3)
Eqn. (D.10) = FW
a(t?-1)
S (53.4)
t
Eqn. (A.21) = TA
= a(t?
- 1) (53.5)
Eqn. (D.22) = AW
a(t?+1)
=== (53.6)
Eqn.(B.1) = AN
a(t?-1)
_ar =4 (53.7)
t
Eqn.(B.2) = FN
2
_ae+y t+ D) (53.8)
Egn.(A.6) = AL
_ar -l (53.9)
V1 '
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Eqn.(A.6) = N
_a(®+ VR +1

t2

Eqn. (E.26) = TL
_at? -1Vt +1

t

Eqn. (B.11) = NM

B avtz +1

ot
Eqn.(C.9) = SC
=aJt?+1
Eqn.(E.7) = Nu

=ayt?+1

Multiplying egns. (53.1) & (53.2),

a(t? — 1DVe2 + 1
FM X SQ = ay/t2 + 1 X ( )

tZ

~ FM x SQ
a?(t?+ D% -1)

Multiplying egns. (53.3) & (53.4),

a(t?-1)

FTX FW = a(t” + 1) X ——

~ FT x FW
a2+ D(t*-1)

Multiplying egns. (53.3) & (53.4),

a(t?+1)

TA x AW = a(t? — 1) X z

~ TA X AW
a?(t?+ 1D(t*-1)

Multiplying egns. (53.3) & (53.4),

(53.10)

(53.11)

(53.12)

(53.13)

(53.14)

(53.15)

(53.16)

(53.17)
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a(t? —1) « a(t?+1)
t

AN X FN =

~ AN x FN
a?(t + D(* - 1)

(53.18)
Multiplying egns. (53.3) & (53.4),

a(t?—1) « a(t? + DVtz + 1

AL X JN =
] 2+ 1 t?

~ AL X JN
a?(t>+ D(t2—-1)

(53.19)
Multiplying egns. (53.3) & (53.4),

a(t? —1)Vtz +1 y avtz +1
t

t

TL X NM =

~ TL x NM
a’(t? + D(t* - 1)

(53.53)

Equating egns. (53.15), (53.16), (53.17), (53.18), (53.19), & (53.20),

FM x SQ = FT x FW = TA X AW = AN X FN = AL x JN
= TL X NM (53.21)

Eqn. (53.21) is mathematical expression of the theorem.

THEOREM- 54:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
PQ—SQ=JA=PSXOW =2xul=2xJu

Derivations for proof of the theorem

Referring fig. 3,

Eqn.(E.19) = JA
2avt? + 1

= (54.1)

Eqn.(A.14) = PS

= 2a\/t2 + 1 (54.2)
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Eqn. (D.11) = OW
1

Nz
Referring fig. 6,
avtz + 1

Eqn.(E.20) = pA = "

Multiplying above eqn. by 2

L2 X pA
2avtz +1
= t—z
avtz +1

Multiplying above eqn. by 2

L2 X]u
2avVt? + 1

tZ

Eqn. (E.10) = PQ
_alt?+1DVi2 +1

t2

Eqn.(E.11) = SQ
_at? — DVE2 + 1

tZ

Multiplying egns. (54.2) & (54.3)

1
PS><OW=2a\/t2+1><t—2

~ PS X OW
2avt? +1
= t—Z
a(t? + DVtz +1 a(t? = 1DVtz +1
PQ — SQ = = — =

avtz +1(t2+1-t>-1)

~PQ—-SQ0=
t2

(54.3)

(54.4)

(54.5)

(54.6)

(54.7)

(54.8)
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~ PQ —SQ
2avt2 + 1

t2

Equating egns. (54.1), (54.4), (54.5), (54.8) & (54.9)

PO —SQ=]JA=PSX OW =2 X A
=2X]Jp

Eqgn. (54.10) is mathematical expression of the theorem.

THEOREM- 55:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

FQ+FP=2x00Q
Derivations for proof of the theorem
Referring fig. 1,

Eqn.(A.7) = FQ
= a(t?
—1)

Eqn. (A.9) = FP
= a(t?
+1)

Eqn.(A.1) = 0Q = at?

~2x0Q
= 2at?

Multiplying egns. (55.1) & (55.2)
FQ+FP=a(t?—-1) +a(t®+1)
~FQ+FP=at>?—a+at’+a

: FQ + FP
= 2at?

Equating the eqns. (55.4) & (55.3),

FQ + FP
=2x0Q

Eqgn. (55.5) is mathematical expression of the theorem.

(54.9)

(54.10)

(55.1)

(55.2)

(55.3)

(55.4)

(55.5)
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THEOREM- 56:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

J2—-SZ=QM—-SZ=NM
Derivations for proof of the theorem
Referring fig. 3,

Eqn. (A.22) = QM
=aty/t? + 1

Eqn.(E.9) = ]JQ
Calt?+ vz +1

t

Eqn.(D.17) = SZ
_a(®®+ VR +1
B t

Eqn.(B.11) = NM
avt? +1

t

Subtracting egns. (56.2) from (56.1)

a(t? + DVt2 + 1
( 2 >—at\/t2+1

a(t?+ DVt2 + 1 —at?Vt2 + 1
t

avtz + 1(t2 + 1 —t2)

t

m—QM=<

o ].Q—QM =

o ].Q—QM =

2] —QM
avtz +1
t

Subtracting egns. (56.3) from (56.1)

(56.1)

(56.2)

(56.3)

(56.4)

(56.5)

a(t?+ DvVtz +1
QM—SZ=<( 2 )—at\/t2+1
a(t? + DVtz + 1 —at®Vtz + 1
o QM —_ SZ =
t
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aVtZ + 1(t? + 1 — t?)

s OM — S7Z =
Q S n

~ QM — SZ
avtz +1

t

Equating the egns. (56.5), (56.6) & (56.4),

JO— QM = QM — SZ
= NM

Eqn. (56.7) is mathematical expression of the theorem.

THEOREM- 57:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

FJ + FW = 2a
Derivations for proof of the theorem
Referring fig. 6,

Eqn.(D.5) = FJ

_at®+1)

=—
Eqn. (D.10) = FW
_at?—-1)
=—

Adding egns. (57.1) & (57.2),

F] + FW = (a(t2 + 1)) N <a(t2 - 1)>

t2 t2

at?’ +a+at’—a
tZ

# F] + FW =

at?’ +a+at’?—a

# F] + FW = 5

2at?

FFHFW = =5

~ F] + FW
= 2a

(56.6)

(56.7)

(57.1)

(57.2)

(57.3)
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Eqgn. (57.3) is mathematical expression of the theorem.

THEOREM- 58:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
FM—-SQ=JN—-SC=JN—FM=JN—NM=Ju=pi

Derivations for proof of the theorem

Referring fig. 3,

Eqn.(E.11) = SQ
_alt? -1Vt +1

t2

(58.1)

Eqn. (A.18) = FM
—aftz+1 (58.2)

Eqn.(B.8) = N
Calt?+ vz +1

t2

(58.3)

Eqn. (A.20) = SC
=ayt?+1 (58.4)
Eqn. (A.18) = FM
=ayt?+1 (58.5)
Eqn.(E.7) = Nu
=ayt?+1 (58.6)

Eqn.(E.8) = Ju

avt? + 1
Eqgn. (E.20) = pA
_avt?+1

== (58.8)

Subtracting eqgns. (58.2) & (58.1),

FM — S0 = a2 + 1 — (a(tz - DV + 1)

tZ

at?Vtz2 +1—a(t? = 1)Vtz + 1

t2

~ FM - S5Q =
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avtZ + 1(t? —t2 + 1)

+FM —SQ = =
~ FM — SQ
avtz + 1
Subtracting egns. (58.2) & (58.1),
a(t? + DViz +1
]N—SC=<( tz )—a\/t2+1
a(t® + DVte2 +1 —at>Vtz + 1
~JN—=SC= >
t
aVtZ + 1(t? + 1 — t?)
~JN—=SC= >
t
=~ JN—=SC
avtz + 1
Equating the above eqgn. (58.9), (58.10), (58.7), (58.8),
FM—-SQ=JN—-SC=]N—FM =]JN - NM = Ju
= pA (58.11)
Eqgn. (58.3) is mathematical expression of the theorem.
THEOREM- 59:
In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
0S —TA =3a
Derivations for proof of the theorem
Referring fig. 1,
Eqn. (A.10) = 0S
= a(t?
+2) (59.1)
Eqn. (A.21) = TA
= a(t?
-1) (59.2)

Subtracting egns. (59.2) from (59.1),
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0OS—TA=a(t?+2) —a(t?-1)
~0S—TA=a(t?+2)—a(t?-1)
. 0S — TA = (at? + 2a) — (at? — a)
~0S—TA=at’?+2a—at’?+a

~0S—TA
= 3a

Eqgn. (59.3) is mathematical expression of the theorem.

THEOREM- 60:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

D
AE—OB=QT

Derivations for proof of the theorem
Referring fig. 3,

Eqn.(C.11) = AE
_at(t? +3)

= et
Eqn.(C.1) = OB
_at(t? +2)
V2 +1

Eqn.(C.3) = QD
2at

VZ+1
Subtracting eqns. (60.2) from (60.1),

at(t? + 3)) B (at(t2 + 2))

AE—OB=<
t2+1 t2+1

at(t? + 3) — at(t? + 2)
t2+1

~AE—- OB =

at[t? + 3 —t2 — 2]

N

~AE—- OB =

(59.3)

(60.1)

(60.2)

(60.3)
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-~ AE — OB

at
RN 60.4
t2+1 (60.4)

Dividing eqn. (60.3) by 2,

QD _ 2at

2 Ve+il
QD 2at

X
Y

X
N =

at
= 60-5
vtz +1 (60.5)

Equating the above eqgn. (60.4) & (60.5)

AE — OB
_Qb

> (60.6)

Egn. (60.6) is mathematical expression of the theorem.
THEOREM- 61:
In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
TW +TA=QA+TA=2x0Q
Derivations for proof of the theorem
Referring fig. 5,

Eqn.(D.13) = TW

4
_at t2+ D (61.1)

Egn.(E.12) = TA
_att-1)

5 (61.2)

Eqn.(D.13) = QA
_at*+1)

5 (61.3)
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Eqn.(E.12) = TA
a(t*—1)

Eqn. (A.1) = 0Q = at?
Multiplying above eqn. by 2,

£ 2% 0Q
= 2at?

Adding egns. (61.1) & (61.2),

ATw+TA:Cﬁi:2>+Cﬁii2>

t2 t2

a(t*—1) +a(t*+1)

~TW+TA=
t2
a(t*—1+t*+1)
~TW+TA=
t2
2at*
~TW+TA=
t2
-~ TW 4+ TA
= 2at?

Adding eqgns. (61.3) & (61.4),

QA+ Th = (a(t4 - 1)) N <a(t4‘ + 1)>

t2 t2

at*— D +at*+1)

QA+ TA = >
. a(t*—1+t*+1)
QA+ TA = >
2at*
FQAHTA=—
~ QA+ TA
= 2at?

Equating the above eqn. (61.6) (61.7) & (61.5)

(61.4)

(61.5)

(61.6)

(61.7)
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TW + TA = TA + QA
=2
x 0Q (61.8)

Egn. (00.5) is mathematical expression of the theorem.

THEOREM- 62:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?,2at),
PR +S0Q=FM

Derivations for proof of the theorem

Referring fig. 3,

Eqn. (E.10) = PQ
_at? + DVE2 +1

t2

(62.1)

Eqn.(E.11) = SQ
_alt? -1Vt +1
= 5

Eqn.(A.18) = FM = ay/t? + 1
Multiplying above eqn. by 2

(62.2)

~2XFM
= 2at2+1 (62.3)

Adding egns. (62.1) & (62.2),

a(t? + DVt + 1) N <a(t2 — 1DVt2 + 1)
tZ

~ PQ+SQ = <
t2

a(t?+DVe2+1+a(t®> - DVez +1
~PQ+SQ =

t2
avtz + 1(t2+1+t>—-1)
~PQ+SQ= "
avtz + 1(t2+1+t>—-1)
~PQ+SQ= "
2avt? + 1(t?)
“PQ+SQ = ————

t
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~ PQ 4+ SQ

= 2at? +1 (62.4)
Equating the above eqn. (62.3) & (62.4)

PQ + SQ

= 2FM (62.5)

Eqgn. (62.5) is mathematical expression of the theorem.

THEOREM- 63:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
TW — QW = AF x OW

Derivations for proof of the theorem

Referring fig. 5,

Eqn.(D.13) = TW

a(t*+1)
Eqn.(D.23) = QW
a(t*—1)
= t—z (632)
Eqn. (A.35) = AF
= 2a (63.3)
Eqn.(D.11) = OW
1
= t_z (634)
Subtracting egns. (63.2) from (63.1),
a(t*+1) a(t*—1)
-t qu = (XD (2
t*+1) —a(t*—1
TW_sza( )tza( )
at*+1—-t*+1)
S TW —_ QW = >
t
~ TW — QW
2a
= (63.5)
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Multiplying egns. (63.3) & (63.4)
1

AF X OW = 2a X —
t2

Equating the above eqn. (63.4) & (63.5)

TW — QW
= WA

Eqgn. (63.5) is mathematical expression of the theorem.

THEOREM- 64:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

TW + QW =2 x0Q
Derivations for proof of the theorem
Referring fig. 5,

Eqn.(D.13) = TW
a(t*+ 1)

Eqn. (D.23) = QW
a(t*—1)
= t—z

Eqn.(A.1) = 0Q = at?
Multiplying above eqn. by 2

2 % 0Q
= 2at?

Adding eqns. (64.2) from (64.1),

« TW 4+ QW = (a(t4t2+ D) + <a(t4 _ 1))

tZ

at*+ 1) +alt*-1)

+ TW + QW = >

a(t*+1+t*—-1)

+ TW + QW = =

2at*
t2

+ TW + QW =

(63.5)

(64.1)

(64.2)

(64.3)

IJSAT25038389 Volume 16, Issue 3, July-September 2025

101


https://www.ijsat.org/

International Journal on Science and Technology (IJSAT)

E-ISSN: 2229-7677 e Website: www.ijsat.org e Email: editor@ijsat.org

k=0

. 2at*
S TW 4+ QW = =5
~ TW + QW
= 2at? (64.4)

Equating the above eqn. (64.4) & (64.3)

TW + QW
=2x0Q (64.5)

Eqgn. (64.5) is mathematical expression of the theorem.

THEOREM- 65:

In a parabola y?* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
TW-TA=WA

Derivations for proof of the theorem

Referring fig. 5,

Eqn.(E.12) = TA
_att—1)

5 (65.1)

Eqn. (D.13) = TW
Catt+1)

= (65.2)

Eqn. (E.15) = WA
_ 2a

=3 (65.3)

Subtracting egns. (65.2) from (65.1),

TW _ TA — (M) —_ <M)

t2 t2

at*+ 1) —at*-1)

~TW —-TA =
tZ

a(t*+1—-t*+1)

~TW—-TA =
t2

~ TW —TA
2a
g

(65.4)
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Equating the above eqn. (65.3) & (65.4)

TW —TA
= WA

Eqn. (65.5) is mathematical expression of the theorem.

THEOREM- 66:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

FQ+FP =2x0Q

Derivations for proof of the theorem

Referring fig. 1,

Eqn.(A.7) = FQ
= a(t?
-1

Egn.(A.9) = FP
= a(t?
+1)

Adding egns. (1.1) & (1.2),
FQ+FP=at?—1+at?+1

FQ + FP
= 2at?

Eqn.(A.1) = 0Q = at?

~2x0Q
= 2at?

Equating eqgns. (0.3) & (0.4),

FQ + FP
=2x0Q

Eqn. (66.5) is mathematical expression of the theorem.

THEOREM- 67:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

FP—FQ =2a

(65.5)

(66.1)

(66.2)

(66.3)

(66.4)

(66.5)
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Derivations for proof of the theorem
Referring fig. 1,

Eqn. (A.9) = FP

= a(t?

+1) (67.1)
Eqn. (A.7) = FQ

= a(t?

- 1) (67.2)

Subtracting eqn. (67.2) from (67.1)
FP—FQ=a(t?+1) —a(t?—1)
~FP—FQ=at>+a—at’+a

~ FP —FQ
= 2a (67.3)

Eqgn. (67.3) is mathematical expression of the theorem.

THEOREM- 68:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
FJ + FW = 2a

Derivations for proof of the theorem

Referring fig. 5,

Eqn.(D.5) = FJ

24+1
a4 o
Eqn. (D.10) = FW

a(t?—-1)

Adding egns. (0.1) & (0.2),

a(t?+1) N a(t?-1)

FJ +FW = —— 5

at’ +a+at?—a
t2

~ F]+FW =
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2at?

~ F] + FW
= 2a

Eqn. (68.3) is mathematical expression of the theorem.

THEOREM- 69:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?,2at),

AN+FN=2x0Q=2x%x0T =TQ
Derivations for proof of the theorem
Referring fig. 1,

Eqn.(A.5) = AN
= a(t?
—1)

Eqn. (A.69) = FN
= a(t?
+1)

Adding egns. (69.1) & (69.2),
AN+FN=a(t?—-1) +a(t?+1)
~AN+FN=at?—a+at?+a

-~ AN + FN
= 2at?

Eqn.(A.5) = 0Q = at?

~2x0Q
= 2at?

Eqn. (A.5) = OT = at?

~2X0T
= 2at?

Egn.(A.5) = TQ
= 2at?

Equating egns. (69.3), (69.4), (69.5) & (69.6),

(68.3)

(69.1)

(69.2)

(69.3)

(69.4)

(69.5)

(69.6)
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AN+FN=2x0Q=2Xx0T=TQ

Eqgn. (69.5) is mathematical expression of the theorem.

THEOREM- 70:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

TN+SZ=2XQM=2XPM=2XTM =2XFC =PT

Derivations for proof of the theorem
Referring fig. 3,

Eqn.(B.3) = TN
_at? — DVt2 +1

t

Eqn. (D.21) = SZ

_a(®®+ VR +1
B t
Eqn.(A.13) = PT
= 2atyt? +1
Eqn.(A.22) = QM = aty/t?2 + 1
~ 2 X QM
= 2atyt2 + 1
Eqn.(A.20) = PM = atyt2 + 1
.~ 2 X PM
= 2atyt2 + 1
Eqn.(A.19) = TM = aty/t2 + 1
s~ 2XTM
= 2atyt2 + 1
Eqn.(C.2) = FC = aty/t2 + 1
~ 2 X FC
= 2aty/t2 + 1

Adding egns. (70.1) & (70.2),

(70.1)

(70.2)

(70.3)

(70.4)

(70.5)

(70.6)

(70.7)
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TN + SZ =

a(t? —1Vtz +1 N a(t?> + DVEz +1
t

t

a(t? —DVez+1+a(t?+ DVez +1

t

avtz +1(t2 —1+t>+1)
t

avt? + 1 x (2t?)
t

~ TN+ SZ =

~ TN+ SZ =

~ TN+ SZ =

~ TN + SZ
= 2atyt? +1 (70.8)
Equating egns. (70.8), (70.4), (70.5), (70.6), (70.7) & (70.3),

TN+SZ=2xQM=2XxPM=2xTM =2 x FC
= PT (70.9)

Egn. (70.9) is mathematical expression of the theorem.

THEOREM- 71.

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
PQ? + QG? = SG*

Derivations for proof of the theorem

Referring fig. 1,

Eqn.(A.26) = SG=a/(t?+1)?2 + 4

« SG% = a?[(t? + 1)?
+ 4] (71.1)

Eqn.(A.24) = QG = a/(t2 — 1)2 + 4

QGZ — aZ [(tZ _ 1)2

Eqn. (A.2) = PQ = 2at

- PQ?
= 4a°t? (71.3)

Subtracting eqns. (71.2) from (71.1),
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SG2 — QG? = [a%(t? + 1)? + 4a?%] — [a%(t? — 1)? + 4a?]
~ SG2 — QG2 = a%(t? + 1)? + 4a% — a?(t? — 1)% — 4a?
2 SG?2 —QG% = a?(t* + 1+ 2t%) —a%(t* + 1 — 2t?)

~ SG* — QG? = a’t* + a* + 2a%t* — a’*t* —a® + 2a%t?
~ SG* — QG* = at* + a® + 2at? — a%t* — a® + 2a%t?

- SG? — QG?
= 4a%t?

Equating egns. (71.3) & (71.4)
SG? — QG? = PQ?

PQ? + QG?
= SG2

Egn. (71.5) is mathematical expression of the theorem.

THEOREM- 72:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
PM X PS =0M XTS

Derivations for proof of the theorem

Eqn. (A.20) = PM
=atyt?+1
Eqn. (A.14) = PS

=2a/t?+1

Eqn. (A.17) = OM
= at

Eqgn.(A.15) = TS
= 2a(t?
+1)

Multiplying eqgns. (72.1) & (72.2),

PM X PS = (at\/tz + 1) X (2;;1\/t2 + 1)

~ PM X PS = 2a%t(t?
+1)

(71.4)

(71.5)

(72.1)

(72.2)

(72.3)

(72.4)

(72.5)

IJSAT25038389 Volume 16, Issue 3, July-September 2025

108


https://www.ijsat.org/

International Journal on Science and Technology (IJSAT)

k=0

E-ISSN: 2229-7677 e Website: www.ijsat.org e Email: editor@ijsat.org

Multiplying eqgns. (72.3) & (72.4),
OM x TS = at x 2a(t?> + 1)

~ OM x TS = 2a%t(t?
+1)

Equating egns. (72.5) & (72.6)

PM X PS
=O0OM x TS

Eqn. (72.7) is mathematical expression of the theorem.

THEOREM- 73:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

PQ x AN = AF x FQ
Derivations for proof of the theorem
Referring fig. 1,

Eqn.(A.2) = PQ
= 2at

Eqn. (B.1) = AN
_a(t?—-1)
a t

Eqn.(A.19) = AF
= 2a

Eqn. (A.7) = FQ
= a(t?
~1)

Multiplying eqgns. (73.1) & (73.2),

<a(t2 — 1)>
PQ X AN = 2at X f

~ PQ x AN
=2a%(t*-1)
Multiplying eqgns. (73.3) & (73.4),

AF X FQ =2axa(t?—1)

(72.6)

(72.7)

(73.1)

(73.2)

(73.3)

(73.4)

(73.5)
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- AF X FQ
=2a%(t? - 1)

Equating eqgns. (73.5) & (73.6)

PQ x AN
= AF X FQ

Eqn. (73.7) is mathematical expression of the theorem.

THEOREM- 74:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

AN X OT = AT x OM

Derivations for proof of the theorem

Referring fig. 2,

Eqn.(B.1) = AN
_a(t?—-1)
Tt

Eqn.(A.11) = OT
= at?

Eqn. (A.21) = AT
= a(t?
—1)

Eqn. (A.17) = OM
= at

Multiplying eqgns. (74.1) & (74.2),

a(t?2 -1
ANXOT=(7)xat2

~ AN X OT
=a*t(t* - 1)

Multiplying eqgns. (74.3) & (74.4),
AT X OM = a(t? — 1) x at

= AT x OM
=a’t(t* - 1)

Equating egns. (74.5) & (74.6)

(73.6)

(73.7)

(74.1)

(74.2)

(74.3)

(74.4)

(74.5)

(74.6)
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AN x OT
= AT x OM

Eqgn. (74.7) is mathematical expression of the theorem.

THEOREM- 75:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

PT X PS =4 X PM XFM
Derivations for proof of the theorem
Referring fig. 1,

Eqn.(A.13) = PT

= 2aty/t? + 1
Eqn.(A.14) = PS
= 2a/t? +1
Eqn. (A.20) = PM
=atyt? +1
Eqn. (A.18) = FM

=aJt2+1

Multiplying egns. (75.1) & (75.2),

PT x PS = (Zat\/tz + 1) x (Za\/tz + 1)

~ PT x PS
= 4a%t(t? + 1)

Multiplying eqgns. 4, (75.3) & (75.4),

4 x PM x FM = 4 (at\/tz + 1) x (ah/t2 + 1)

~ 4 x PM X FM
= 4a%t(t?
+1)

Equating egns. (75.5) & (75.6),

PT x PS
=4 X PM x FM

Eqn. (75.7) is mathematical expression of the theorem.

(74.7)

(75.1)

(75.2)

(75.3)

(75.4)

(75.5)

(75.6)

(75.7)
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THEOREM- 76:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
PT X FN = PS X FT

Derivations for proof of the theorem

Referring fig. 1,

Eqn.(A.13) = PT

= 2atyt2 +1 (76.1)
Eqn.(B.2) = FN
_ a(t? + 1) (76.2)

t

Eqn. (A.14) = PS

= 2aJt2 + 1 (76.3)
Eqn. (A.16) = FT
= a(t?
+1) (76.4)

Multiplying eqgns. (76.1) & (76.2)

a(t?+1
PT X FN = 2atyt2 + 1 X <(—)>

t

~ PT X FN
=2a%(t? + DJt2 + 1 (76.5)

Multiplying egns. (76.3) & (76.4)

PS X FT

=2a%(t* + DJt2+ 1 (76.6)
Equating egns. (76.5) & (76.6),

PT X FN

= PS x FT (76.7)

Eqn. (76.7) is mathematical expression of the theorem.
THEOREM- 77:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
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FXXFY =GH XF] =axXY
Derivations for proof of the theorem
Referring fig. 5,

Eqn.(D.18) = FX

B 2avVtz + 1
Vt2+1-1

Eqn.(D.19) = FY
2avt? +1

T VEF1+1
Eqn.(A.5) = GH = 2 X FG
=43

Eqn.(D.5) = FJ
_a(t?+1)
=—

Eqn. (D.20) = XY

_4a(t? +1)

= =

Multiplying egns. (77.1) & (77.2)

2aVt? + 1 2avtz + 1

FX X FY = X
Vee+1-1 Vt2+1+1
.FXXFY_4a2(t2+1)
N Ct241-1
~ FX X FY
42%(t2 + 1)
:t—z

Multiplying eqgns. (77.3) & (77.4)

2
GH X F] = (4a) x (a(tt—jl))
~ GH X FJ
42%(t2 + 1)
= t—z

(77.1)

(77.2)

(77.3)

(77.4)

(77.5)

(77.6)

(77.7)
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a X Eqn. (D. 20)

4a%(t2 + 1)

- —
t2

Equating eqgns. (77.7) & (77.8),

FX X FY = GH X F]
=a
X XY

Eqgn. (77.9) is mathematical expression of the theorem.

THEOREM- 78:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

TS=2XFP=2XFT=2XFS
Derivations for proof of the theorem
Referring fig. 1,

Eqn.(A.15) = TS
= 2a(t?
+1)

Eqn.(A.9) = FP =a(t? + 1)

~ 2XFP
=2a(t?+1)

Eqn.(A.16) = FT = a(t? + 1)

~2XFT
=a(t?+1)

Eqn.(A.23) = FS=a(t? + 1)

2 XFS
=a(t*+1)

Equating egns. (78.1), (78.2), (78.3), (78.4),

TS=2XFP=2XFT
=2XxFS

Egn. (78.5) is mathematical expression of the theorem.

THEOREM- 79:

(77.8)

(77.9)

(78.1)

(78.2)

(78.3)

(78.4)

(78.5)
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In a parabola y?* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
PT=2xQM =2 XFC

Derivations for proof of the theorem

Referring fig. 3,

Eqn.(A.13) = PT
= 2atyt? +1 (79.1)
Eqn.(A.22) = QM
= aty/t2 + 1 (79.2)
Eqn.(C.2) = FC
=atyt2 +1 (79.3)
Equating egns. (79.1), (79.2) & (79.3)

PT = 2 x QM
=2 X FC (79.4)

Eqgn. (79.4) is mathematical expression of the theorem.

THEOREM- 80:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
SQ=AF=2X0A=FG=FH

Derivations for proof of the theorem

Referring fig. 1,

Egn.(A.6) = SQ

= 2a (80.1)
Eqn. (A.19) = AF
=2a (80.2)
We know that
OA=a (80.3)

Egn. (A.5) = FG = GH
=a (80.4)

Equating the above egns. (1.1), (1.2), (1.3) & (1.4),
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SQ =AF =2 x0A =FG
=FH

Egn. (1.5) is mathematical expression of the theorem.

THEOREM- 81

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

RK
FN— AN =TQ X OW = — = AF = 5Q = 2a

Derivations for proof of the theorem

Eqn. (A.19) = FN
= a(t?
+1)

Eqn.(A.5) = AN
= a(t?
-1)

Subtracting eqn. (81.2) from (81.1),
FN—AN=a(t?+1)—a(t>-1)
~FN—AN=at’+a—at?+a

~ FN — AN
= 2a

Eqn.(A.3) = AF
= 2a

Eqgn. (A.6) = SQ
= 2a

Eqn.(C.5) = RK = 4a

'RK
"
= 2a

Eqn. (A.12) = TQ
= 2at?

Eqn.(D.11) = OW
1
e

(10.5)

(81.1)

(81.2)

(81.3)

(81.4)

(81.5)

(81.7)

(81.8)

(81.6)

IJSAT25038389 Volume 16, Issue 3, July-September 2025

116


https://www.ijsat.org/

International Journal on Science and Technology (IJSAT)

k=0

E-ISSN: 2229-7677 e Website: www.ijsat.org e Email: editor@ijsat.org

Multiplying egns. (81.7) & (81.8)
1
TQ x OW = 2at? X5

~ TQ X OW
= 2a

Equating the above eqgns. (81.3), (81.9), (81.6), (81.4) & (81.5),

RK
FN — AN = TQ X OW = — = AF = SQ

2
= 2a

Eqgn. (81.10) is mathematical expression of the theorem.

THEOREM- 82:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

PM x PN = 0Q x P] = FP? = FS§* = FT?
Derivations for proof of the theorem
Referring fig. 1,

Eqn. (A.20) = PM
= atyt? +1

Eqn.(B.4) = PN
_a(t? + DVE2 +1

t

Egn.(A.1) = 0Q
= at?

Egn.(D.6) = P]
a(t? +1)?
= t—z

Eqn.(A.9) = FP =a(t?> + 1)

~ FPp2
+1)?

Eqn.(A.23) = FS=a(t? + 1)

(81.9)

(81.10)

(82.1)

(82.2)

(82.3)

(82.4)

(82.5)
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- FS2
+1)2 (82.6)

Eqn.(A.16) = FT = a(t®> + 1)

- FT2
+1)? (82.7)

Multiplying egns. (82.1) & (82.2),

PM X PN = (at\/m) y <a(t2 +DVeZ + 1)

t

~ PM x PN
= a%(t* + 1) (82.8)

Multiplying eqns. (82.3) & (82.4),

2 2
0Q x PJ = at? x (El(t'c—jl))
=~ 0Q x PJ
=a?(t? + 1) (82.9)

Equating egns. (82.5), (82.6), (82.7), (82.8) & (82.9)

PM x PN = 0Q X P] = FP2 = FS?2
= FT2 (82.10)

Eqn. (82.10) is mathematical expression of the theorem.

THEOREM- 83:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
NuxJu=Mpx Ou = NM?

Derivations for proof of the theorem

Referring fig. 6,

Eqn. (D.26) = Nu

=aJt2 +1 (83.1)
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Eqn. (D.27) = Ju
avtz + 1

Eqn.(D.24) = Mp

_a(t?+1)

n (83.3)

Eqn.(D.27) = Ou
a

== (83.4)

avtz +1
Egn.(B.11) = NM = —

~ NM?2

a’(t?+1)
- (83.5)

Multiplying egns. (83.1) & (83.2)
vtz +1
Nu X Ju=ayt? +1 X <at—2>

S Nu X Ju
_af(t?+1)

Multiplying egns. (83.3) & (83.4)

a(t? + 1)) 2
t

MuXOu=< "

& Mu x Op
_af(t?+1)

Equating egns. (83.6), (83.7) & (83.5),

Nu X Ju = Mp X Op
= NM? (83.8)

Eqgn. (83.8) is mathematical expression of the theorem.
THEOREM- 84:
In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

QM X Ju=NM X Nu
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Derivations for proof of the theorem
Referring fig. 6,

Eqn.(A.17) = QM

= aty/t2 + 1 (84.1)
Eqn. (D.27) = Ju

_avtr +1

==z (84.2)

Eqn.(B.11) = NM

avt? + 1
=— (84.3)

Eqn. (D.26) = Nu
=aJt?2 +1 (84.4)

Multiplying eqgns. (84.1) & (84.2)

avt? + 1
QM X Ju = atyt? + 1 X ————

t2

s OM X Ju
_af(t?+1)

- (84.5)

Multiplying eqgns. (84.3) & (84.4)

avtz +1
NMxNu=<7>Xa\/t2+1

~ NM X Nu
_af(t?+1)

n (84.6)

Equating egns. (84.5) & (84.6),

QM X Jp
= NM x Np (84.7)

Eqn. (84.7) is mathematical expression of the theorem.
THEOREM- 85:
In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

VM X Mpu x OW = NM x Op
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Derivations for proof of the theorem
Referring fig. 2 & fig. 5,

Eqn. (D.23) = VM
at

Nt
Eqn. (D.24) = Mp
_a(t®+1)
ot

Eqgn. (D.25) = Ou
a

t

Eqn.(B.11) = NM
avt? +1

t

Eqn. (D.11) = OW
1

T

Multiplying egns. (85.1) & (85.2)

at ) a(t?+1)
X

VMxMuxOW=<
t2+1 t

~ VM X Mp
a’vtz +1
=t—2

Multiplying egns. (85.3) & (85.4)

avtz + 1 a
NM X Op = | ———

X —_
t t
~ NM X Op
a’vtz +1
= t—z
Equating egns. (85.6) & (85.7),

VM X Mu x OW
= NM
X 0p

(85.1)

(85.2)

(85.3)

(85.4)

(85.5)

1

tZ

(85.6)

(85.7)

(85.8)
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Eqn. (85.8) is mathematical expression of the theorem.

THEOREM- 86:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

FpP TS _FT
FM PS FM
Derivations for proof of the theorem

Referring fig. 1,

Eqn.(A.9) = FP
= a(t?
+1)
Eqn. (A.18) = FM

=ayt?+1

Eqn.(A.15) = TS
= 2a(t?
+1)

Eqn.(A.14) = PS
= 2at?2 +1

Eqn. (A. 16) = FT
= a(t?
+1)

Dividing eqn. (86.1) by (86.2),
FP a(t® +1)
FM  aViz +1

) FP

" FM

=4t2+1

Dividing eqn. (86.1) by (86.2)
TS 2a(t* +1)

PS  2aVZ+1

TS
" PS

=t2+1

(86.1)

(86.2)

(86.3)

(86.4)

(86.5)

(86.6)

(86.7)
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Dividing eqn. (86.5) by (86.6)

FT _a(t®+1)
FM avt2 +1
_FT
" FM

=Jt?+1

Equating egns. (86.6), (86.7) & (86.8),

FP TS
FM PS
_FT
" FM

Eqn. (86.10) is mathematical expression of the theorem.

THEOREM- 87:

In a parabola y?* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

PQ FS F] FN _ FZ
S TA FW AN AN

Derivations for proof of the theorem

Referring fig. 3,

Eqn. (E.10) = PQ
_at? + DVtE2 + 1

tZ

Eqn. (E.11) = SQ
_a(®-1DveE+1

tZ

Eqn. (A.23) = FS
= a(t?
+1)

Eqn.(A.21) = TA
= a(t?
-1)

Eqn.(D.5) = FJ
a(t?+1)
= t—z

(86.8)

(86.10)

(87.1)

(87.2)

(87.3)

(87.4)

(87.5)
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Eqn. (D.10) = FW
a(t?-1)

Eqn.(B.2) = FN
a(t?+1)

Eqn.(B.1) = AN
a(t?—-1)

Eqn. (B.10) = FZ
a(t?+1)

Dividing eqns. (87.1) by (87.2),

PQ (a(t2 + 1DVt2 + 1> N <a(t2 — DVtz + 1)

sQ t2 t2

Pa (a(t2 + 1)Vt2 + 1) y < t? )

Ssa t? a(t2 — V2 + 1
'Pﬂ_t2+1
TsQ t2-1

Dividing egns. (87.3) by (87.4),

FS a(t?+1)
TA a(t?—1)

_FS
T TA
_t2+1
T2 -1

Dividing eqns. (87.5) by (87.6),

F  (a(t®+ 1)  [a(t?-1)
w () ()

FJ a(t?+1) t2
fv—=—— | X|—
FW ( t2 ) (a(t2 - 1))

(87.6)

(87.7)

(87.8)

(87.9)

(87.10)

(87.11)
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. B
" FW

t2+1
=71 (87.12)

Dividing eqns. (87.7) by (87.8),

FN _ (a(t?+1)\  (a(t*-1)
wo () ()

_FN_a(t2+1)X t
ANt a(t?2 —1)

_FN
" AN
t2+1
=5 (87.13)

Dividing eqns. (87.9) by (87.8),

CFZ _ (a(t®+1))  [a(t®-1)
"ﬁ‘(f>7<f>

. FZ_a(t2+1)>< t
TAN Tt a(t?2 —1)

FZ
" AN
t2+1
=1 (87.14)

Equating the above egn. (87.10), (87.11), (87.12), (87.13) & (87.14)

PO FS F] FN

SO TA FW AN
_ Iz 87.15
AN (87.15)

Egn. (87.15) is mathematical expression of the theorem.

THEOREM- 88:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
PS AN OM AF FG SQ FJ] PN PU WI PQ RK FM 0Q
PT FQ OT PQ PQ PQ FZ JN UQ TW TQ PR TM do

Derivations for proof of the theorem
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Referring fig. 1, fig. 3 & fig. 7,

Eqn. (D.14) = PS

=2at? +1 (88.1)
Eqn.(A.13) = PT
= 2atyt?2 + 1 (88.2)
Eqgn.(A.11) = OM
= at (88.3)
Eqn.(A.17) = OT
= at? (88.4)
Eqn.(A.7) = AN

a(t? -1
= g (88.5)

t

Eqn.(B.1) = FQ =a(t? - 1) (88.6)
Eqn. (A.2) = AF
= 2a (88.7)
Eqn.(A.6) = PQ
= 2at (88.8)
Eqn.(A.5) = FG
= 2a (88.9)
Eqn.(A.6) = SQ
= 2a (88.10)
Eqn.(D.5) = FJ

a(t?+1)
=~z (88.11)
Eqn.(B.10) = FZ

a(t?+1)
— (88.12)
Eqn.(B.4) = PN

a(t> + DVtz + 1
= " (88.13)
Eqn.(B.8) = N

a(t? + DVt +1
= > (88.14)

t
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Eqgn.(B.6) = PU
_ Zat

N

Eqgn.(B.5) = UQ
_ 2at?

VE+1

Eqn. (D.15) = WI
a(t*+1)

= t—3

Eqn. (D.13) = TW
a(t*+1)

= t—z

Eqn.(A.12) = TQ

= 2at?

Eqgn.(C.5) = RK
= 4a

Egn.(A.21) = PR
= 4at

Eqn. (A.18) = FM
=aJt2+1
Eqn.(A.19) = T™

=atyt2 +1

Egqn.(A.1) = 0Q
= at?

Eqn.(E.22) = do
= at3

Dividing eqn. (88.1) by (88.2)

PS 2avt? + 1
PT 2atvt2 +1

PS
PT
1
Tt

(88.15)

(88.16)

(88.17)

(88.18)

(88.19)

(88.20)

(88.21)

(88.22)

(88.23)

(88.24)

(88.25)

(88.26)
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Dividing eqn. (88.3) by (88.4)

a(t? -1
o 2D

FQ  a(tZ-1)

AN a(t?-1) 1
"FQT Tt a@-1

AN

.'.E
_ 1

t
Dividing eqn. (88.5) by (88.6)

oM _ at
OT  at2

OM

--ﬁ
1

Tt

Dividing eqn. (88.7) by (88.8)

AF _ 2a
PQ 2at

_AF

59
_1

t
Dividing eqn. (88.9) by (88.8)

Dividing eqn. (88.10) by (88.8)
SQ 2a

PQ 2at

.3Q

3
_1

t

(88.27)

(88.28)

(88.29)

(88.30)

(88.31)
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Dividing eqn. (88.11) by (88.12)

F _ (a(t®+1))  [a(t®+1)
() ()

CF (a(t®+1) t
"ﬁ_< t2 )X(a(t2+1))

Rl

" FZ
1

== (88.32)
t

Dividing eqn. (88.13) by (88.14)

PN (a(t® +1Vt2+1)  (a(t®+ DVt2+1

JN t ' t2

PN (a(t2 + 1)Vt2 + 1) « < t? )

"IN t a(t2 + DVEZ + 1

) PN

“IN
1

== (88.33)
t

Dividing eqns. (88.15) by (88.16),

PU_( 2at ) < 2at? )

UQ We+tl/ \We+t

' PU_( 2at )x vtz + 1

TUQ Wezt1 2at?

_PU

“Tq
1

== (88.34)
t

Dividing eqns. (88.17) by (88.18),

WL ra(t*+ 1))  (a(t*+1)

TW t3 ' t2

S WL fa(t* +1) o t?

TTW t3 a(t* +1)
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Dividing eqn. (88.8) by (88.19)

PQ  Z2at
TQ 2at?

PQ
g
_1

t
Dividing eqn. (88.20) by (88.21)
RK _ 4a
PR 4at

RK
" PR
1

t
Dividing eqn. (88.22) by (88.23)
FM _ aVt?+1
™  atVtZ +1

SEFEE

Dividing eqn. (88.24) by (88.25)

0Q at?
do  at3

. 0Q
" Ao
_1

t

(88.35)

(88.36)

(88.37)

(88.38)

(88.39)

Equating eqns. (88.26), (88.27), (88.28), (88.29), (88.30), (88.31), (88.32), (88.33), (88.34), (88.35),

(88.36), (88.37) (88.38) & (88.39),
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PS AN OM AF FG SQ F PN PU WI PQ RK FM
PT FQ OT PQ PQ PQ FZ JN UQ TW TQ PR TM
_9Q
—% (8840)

Eqn. (88.40) is mathematical expression of the theorem.
THEOREM- 89:

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),

FQ TN TA AL PKXFM
FP PN FT FM RKXFT

Derivations for proof of the theorem
Referring fig. 1, fig. 2 & fig. 7,

Eqn.(A.7) = FQ

= a(t?

—1) (89.1)
Eqn.(A.9) = FP

= a(t?

1) (89.2)

Egn.(B.3) = TN
_alt?—-1V2 +1

t

(89.3)

Eqn. (B.4) = PN
_at? + DVE2 + 1

t

(89.4)

Eqn. (A.21) = TA
= a(t?
- 1) (89.5)

Eqn.(A.16) = FT
= a(t?
+1) (89.6)
Eqn.(B.9) = AL
a(t? -1
t2+1

Eqn.(A.18) = FM

=aytz +1 (89.8)
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Eqgn.(B.9) = PK
= 4ayt? -1

Eqgn.(A.18) = RK
= 4a

Dividing eqn. (89.1) by (89.2)

FQ a(t*-1)
FP  a(t2+ 1)

FQ_t*—-1
"FP Ot2+1

Dividing eqn. (89.3) by (89.4)

a(t? + 1)Vt2 + 1)
t

TN  (a(t® — DVE2+1)
PN t '
CTN  fa(t? —1Vt2 +1 «
" PN t

TN

" PN

_t2—1

241

Dividing eqn. (89.5) by (89.6)

TA a(t®?-1)
FT a(t?2+1)

~TA

--ﬁ
_t2—1
T2 41

Dividing eqn. (89.7) by (89.8)

t
a(tz + DVtz + 1)

(89.9)

(89.10)

(89.11)

(89.12)

(89.13)

AL a(t?-1)
— = —— ] aJt? +1
FM < eri)
AL a(t2 -1) 1
Sy — = X
FM Vi2+1  aviz+1
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AL
" FM

t?—1

Multiplying egns. (89.9) & (89.8)

PK X FM = 4ay/t2 — 1 X ay/t2 + 1
# PK X FM = 4a%/t2 — 1
xJt2 +1 (89.15)
Multiplying egns. (89.10) & (89.6)
RK X FT = 4a x a(t?> + 1)

« RK X FT
= 422(t2 + 1) (89.16)

Dividing eqn. (89.15) by (89.16)

PKXFM 4a2vVt2 —1x+vVt2+1

RKx FT  4a%(t2 + 1)

~PKxFM

" RK X FT

V-l (89.17)

vtZ +1 -

Equating egns. (89.11), (89.12), (89.13), (89.14) & (89.17)

FQ TN TA AL

FP PN FT FM
_ PKxFM 6018
~ RKXFT (89.18)

Eqn. (89.18) is mathematical expression of the theorem.

THEOREM- 90:

Referring fig. 1, In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
ATQM & ATSZ are similar.

Derivations for proof of the theorem

Referring fig. 1,
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Eqn.(A.11) = OT

= at? (90.1)
Eqgn.(A.1) = 0Q
= at? (90.2)
Eqn. (A.16) = FT

= a(t?

+1) (90.3)
Eqn.(A.23) = FS

= a(t?

1) (90.4)

Equating egns. (90.1) & (90.2),
OT = 0Q (90.5)

Therefore, it is understand that A TQM is [sosceles triangle. A property of Isosceles triangle is that

o

If £ QFP = 6°, £ QTM = £ TQM = —

Equating egns. (90.3) & (90.4),

FT
= FS (90.6)

Therefore, it is understand that A TSZ is Isosceles triangle. A property of Isosceles triangle is that

o

0
If £ QFP = 9°,ATSZ=LSTZ=?

Comparing A TQM & A TSZ, point T is a common vertex and £ QTM = 2 STZ and 2 TQM = £ TSZ.
Therefore, A TQM & A TSZ are similar.
THEOREM- 91.:

Referring fig. 4, Let a parabola be given with focus F. Suppose a tangent drawn at a point P and PT is
segment of the tangent. If from the focus F, a perpendicular FM is drawn to the tangent line PT, then:

(i) FM is the perpendicular bisector of the tangent segment PT.
(i1) FM is also the internal angle bisector of the £PFT.
Derivations for proof of the theorem

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
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Referring fig. 1, Let a parabola be given with focus F.

Suppose PT is a tangent to the parabola at a point P. If from the focus F, a perpendicular FM is drawn to
the tangent line PT, then:

(i) FM is the perpendicular bisector of the tangent segment PT.
(if) FM is also the internal angle bisector [7] of the 2 PFT.
THEOREM- 92:

Referring fig. 4, Let a parabola be given with focus F. Suppose PS is a normal drawn to the parabola at a
point P. If from the focus F, a perpendicular line FC is drawn to the normal line PS, then:

(i) FC is the perpendicular bisector of the segment of normal (PS).

(i) FC is also the internal angle bisector of the £ PFS.

Derivations for proof of the theorem

In a parabola y? = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at),
Referring fig. 3, Let a parabola be given with focus F.

Suppose PS is a normal to the parabola at a point P. If from the focus F, a perpendicular FC is drawn to
the normal line PS, then:

(i) FC is the perpendicular bisector of the normal segment PS.
(i) FC is also the internal angle bisector of the « PFS.
THEOREM- 93:

Let PT be the tangent drawn at a point P on the parabola y* = 4ax. Let Q be the projection of P on the
axis of symmetry of the parabola. Then, the circle having PT as its diameter touches the axis of symmetry
at the point Q.

Derivations for proof of the theorem

Referring circle-A in fig. 8, let PT be the tangent drawn at a point P on the parabola y? = 4ax. Let Q be
the projection of P on the axis of symmetry of the parabola. Then, the circle having PT as its diameter
touches the axis of symmetry at the point Q.

Let P be the point on the parabola y? = 4ax with parametric coordinates P(at?, 2at). Let PT be the tangent
at P, and let Q be the projection of P on the axis of symmetry (the x-axis), so Q = (at?, 0). Then the circle
having PT as diameter passes through Q (and also through T). Moreover, the circle meets the axis at the
two points Q and T

1. Parametric data and tangent.
For y? = 4ax take the parametric point P(at?, 2at).
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The tangent at P has equation (standard parametric tangent)

ty = x + at?

Its intersection with the axis y = 0 gives the point T. Putting y = 0 in the tangent:
0 = x + at? = x = —at?,

So, T =(—at? 0).

2. Equation of the circle with diameter PT.
A circle with diameter end points P(x,,y;) and T(x,, y,) satisfies

x=x)X=%x2) + (Y —y)y—yz2) =0.

Substituting (x4,y;) = (at?, 2at) and (x,,y,) = (—at?,0) in above,
Then the circle equation is

(x — at?)(x + at?) + (y — 2at)(y — 0) = 0,

~x% —aft* +y(y — 2at) = 0.

3. Verify that Q = (at?,0) lies on the circle.
Substitute x = at?, y = 0:

(at?)? — at* + 0(0 — 2at) = a%t* — a%t* = 0.
So, Q satisfies the circle equation-the circle passes through Q.
Likewise, substituting T = (—at?, 0) also gives zero, so the circle passes through T as well.

4. Intersection type with the axis y = 0.
Restrict the circle equationtoy = 0:

x%? —a%t* = 0 = x = +at?.

These two solutions correspond exactly to x = at? (point Q) and x = —at? (point T). Because there are
two distinct intersection points (unless t = 0), the line y = 0 is a secant of the circle, not a tangent.
Tangency would require a double root (a repeated intersection), i.e. at> = —at?, which forces t = 0. So
only in the degenerate case t = 0 (when P is the vertex and P = Q = T = (0,0) does the circle become
tangent to the axis.

Therefore, the correct statement is that the circle with diameter PT passes through the projection Q (and
through T), but it is not generally tangent to the axis at Q.

IJSAT25038389 Volume 16, Issue 3, July-September 2025 136



https://www.ijsat.org/

International Journal on Science and Technology (IJSAT)

E-ISSN: 2229-7677 e Website: www.ijsat.org e Email: editor@ijsat.org

P Circle-C
o /’/ | T Circle-B o
. 1 L~ P '

k=0

Circle-A

Fig. 8
THEOREM- 94:

Let P be a point on the parabola y* = 4ax, and let the tangent at P be drawn. Let F(a, 0) be the focus of
the parabola, and let the line through F parallel to the normal at P intersect the tangent at M. Let Q be the
projection of P on the axis of symmetry (the x-axis). Then, the Quadrilateral which is formed by joining
points F, Q, P & M is cyclic.

Derivations for proof of the theorem
Referring circle-B in fig. 8,
Take the parametric coordinates of P: P (at?, 2at).

A quadrilateral is cyclic [8] (i.e., its four vertices lie on the circumference of a circle) if it satisfies the
condition that the sum of each pair of opposite angles is 180°.

If £ PFQ = 6°,
2 FPM = £ MPF = 2PTQ
0°
== (94.1)
Referring fig. 6, we know that
£ PMF
— 90° (94.2)
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2 PQF
= 90° (94.3)

£ MPQ = 2 MPF + 2 FPQ

o

0
# £ MPQ = — +(90° - 6°)

. 2 MPQ

o

—_— 900 e
B 2

Referring fig. 8, we know that

2 MFQ = 2 MFP + £ PFQ

o

0
» 2 MFQ = (90 —?) +0°

- £ MFQ

=90+ ?
Adding egns. (94.2) & (94.3),

£ PMF + 2 PQF
= 180°

Adding egns. (94.4) & (94.5),

eO
£ MPQ + 2 MFQ = (90° —?) + (90° +

£ MPQ + £ MFQ
= 180°

Equating egns. (94.6) & (94.7),

< PMF + 2 PQF = £ MPQ + 2 MFQ
= 180°

(94.4)

(94.5)

(94.6)

9°)
2

(94.7)

(94.8)

Hence, the condition for cyclic quadrilateral is satisfied. Therefore, the quadrilateral FQPM is cyclic.

THEOREM- 95:

Let P be a point on the parabola y? = 4ax, with vertex O (0,0)) and focus F(a,0). Let OP be the line
segment joining O and P, and let Q be the projection of P on the axis of symmetry (the x-axis). Then the
circle having OP as its diameter touches the axis of symmetry at the points O and Q.

Derivations for proof of the theorem
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Referring circle-C in fig. 8,

1. Parametric coordinates of P:
On the parabola y? = 4ax let P (at?, 2at), t € R.

The vertex is @) (0,0).
Projection of P on the axis (x-axis) is Q (at?, 0).

2. Equation of the circle with diameter OP:
The equation of a circle with diameter endpoints (x4,y1), (X2, y2) IS

EX—x)E—=%x)+ Y —y)y—y2)=0.

Here, O(x4,y1) = (0,0),P(x,,y,) = (at?, 2at).
Thus, the circle is: (x — 0)(x — at?) + (y — 0)(y — 2at) = 0,

i.e. x(x — at?) + y(y — 2at) = 0.
Expanding:
x? — at?x + y? — 2aty = 0.

3. Intersection with the axis of symmetry (y =0):
On the axis, puty = 0:

x? —at’x =0,

x(x — at?) = 0.

So,x = 0 or x = at?.

Thus, the points of intersection are 0(0,0) and Q(at?, 0).

Tangency at @) and Q:
For tangency, the axis must touch the circle at those points.

At O(0,0): substitute into circle equation — holds. The circle meets axis only once there (double root), so
tangent.

At Q(at?,0): substitute into circle equation — holds. Similarly, it is a repeated root, so tangent at Q.

(Formally: When substituting y = 0, the quadratic in x gave roots 0 and at2. These correspond to the two
ends of the diameter. Because the axis passes through both endpoints of the diameter, it touches the circle
at those endpoints, i.e., it is tangent there.)

Thus, the circle with diameter OP touches the axis of symmetry at the points O and Q.

THEOREM- 96
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Let a tangent be drawn at a point P on the parabola y* = 4ax, and let this tangent intersect the axis of
symmetry at T. If a line is drawn through the focus F(a,0) perpendicular to the tangent, then that line

bisects the segment of the tangent (PT).

Derivations for proof of the theorem

Referring fig.1,

1. Equation of the tangent at P

Parametric eqn. of parabola y? = 4ax = P(x,y) = (at?, 2at)

Parametric eqn. of tangent at point P = ty

= x + at? (96.1)

1
Slope of tangent at point P = T

2. Point T (intersection of the tangent with axis of symmetry)
Let Point T is intersection of the tangent and axis of symmetry
Eqn. of axis of symmetry =y =0

Substituting y = 0 in egn. (80.1),

tx (0) = x + at?

~Xx+at?=0

o X = —at?

~ Co-ordinates of the point T (x,y) = (—at?,0)

3. Midpoint of line segment PT

Let midpoint of line segment PT is M.

at? + (—at?) 2at+ 0)

The coordinates of midpoint M (x,y) = ( > —

~ M (x,y) = (0,at)

4. Line through focus perpendicular to the tangent

1
If slope of tangent at point P = T

1
the slope of any line perpendicular to the tangent is — VT —t
t

IJSAT25038389 Volume 16, Issue 3, July-September 2025

140


https://www.ijsat.org/

International Journal on Science and Technology (IJSAT)

— E-ISSN: 2229-7677 e Website: www.ijsat.org e Email: editor@ijsat.org

Eqn. of line through the focus F(a, 0) with slope of —t
y—0=—-t(x—a)
Ly =—tx+at

Evaluate thisatx = 0 & y = at. Thus the line passes through the point (0, at) which is exactly the midpoint
M.

Therefore, the line through the focus perpendicular to the tangent meets PT at its midpoint, it bisects PT.
THEOREM- 97:

For the parabola y? = 4ax, let a tangent be drawn at a point P. If a line parallel to the normal at P is drawn
through the focus F(a,0), then this line intersects the tangent at the point where the tangent meets the
vertical line drawn through the vertex of the parabola.

Derivations for proof of the theorem:

Referring fig. 1,

1. Equation of the tangent at P

Parametric eqn. of parabola y? = 4ax = P(x,y) = (at?, 2at)

Parametric eqn. of tangent at point P = ty
= X + at? (97.1)

2. Point M (intersection of the tangent with axis of symmetry)
Let Point M is intersection of the tangent and vertical line at O
Eqn. of vertical line at O(0,0) > x =0

Substituting x = 0 in eqn. (81.1),

txXy=0+ at?

at? .
=—=2a
y t

Hence the tangent meets the vertical line at Q (x,y) = (0, at)

3. Equation of line parallel to normal the focus F (a,0)

1
The slope of tangent at P is T so the slope of the normal at P is — t

The line through the focus F (a,0) with slope —t is

y = —t(x—a)
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k=0

Evaluate this by substituting x = 0

y = —t(0 — a)

Sy = at

Hence the line passes through the point M (0, at).

Therefore, the line through the focus parallel to the normal at P meets the tangent at the same point where
the tangent meets the vertical line x = 0.

THEOREM- 98:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at), If two focal chords
cut orthogonally,

1,1 _1
PQ RS GH

Derivations for proof of the theorem

Referring fig. 9, F is focus, PQ and RS are pair focal chord of intersects orthogonally each other. GH is

Latus rectum is equal to 4a. Let 2 TFP = 6°, £ PFR = 90°. Let points K, L, M & N are projection of
points P, R, Q, S on axis of symmetry respectively.

Fig. 9

IJSAT25038389 Volume 16, Issue 3, July-September 2025 142



https://www.ijsat.org/

k=0

E-ISSN: 2229-7677 e Website: www.ijsat.org e Email: editor@ijsat.org

International Journal on Science and Technology (IJSAT)

Eqn.(D.1) = FP
_ 2a
1 —cos(8°)

If £ TFP = 6° 2 TFQ = 180° + 6°
Substituting the above value in eqn. (98.1),

_ 2a
"~ 1 —cos(180° + 6°)

FQ

_ 2a
"1 —[—cos(6%)]

- FQ

~ FQ

_ 2a

" 1+ cos(6°)

Referring fig. 9, PQ = FP + FQ

Substituting egns. (98.1) & (98.2),

PQ = (1 - czoas(6°)) + (1 + czoas(e"))

_2a(1+ cos(6°)) + 2a(1 — cos(6°))
- 1 — cos2(8°)

PQ

PO = 2a(1 + cos(0°) + 1 — cos(9°))
Q= sin?(0°)

B 2a(1 + cos(8°) + 1 — cos(8°))
Q= sin?(8°)

B 2a(2)
~ sin?(0°)

~ PQ
43

- sin2(6°)
If £ TFP =06° 24 TFR =90°+6°
Substituting the above value in egn. (98.1),

2a

FR =
1 — cos(90° + 6°)

(98.1)

(98.2)

(98.3)
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2a

“ER =T e

~ FR
_ 2a
1 +sin(6°)

If 2 TFP = 0° 4 TFS = 270° + 6°
Substituting the above value in eqn. (98.1),

2a

FS =
S 1 — cos(270° + 6°)

2a

“ B = T T i)

~ FS
_ 2a
1 —sin(6°)

Referring fig. 9, RS = FR + FS

Substituting eqgns. (98.4) & (98.5),

RS = (1 T szii(e°)> * <1 = :ii(9°))

3 2a(1 —sin(8°)) + 2a(1 + sin(6°))

~ RS
1 — sin?(0°)

B 2a(1 —sin(0°) + 1+ sin(9°))

~ RS
cos?(0°)

B 2a(2)
"~ cos2(8°)

~ RS
_ 4a
~ cos2(6°)

Adding reciprocal of egns. (98.3) & (98.6),

1 1 [sin*(8°) cos?(8°)
%*R_s‘( 1 )*( 4a )

1 1  sin*(8°) + cos?(8°)

“PQ RS 4a

(98.4)

(98.5)

(98.6)
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1 N 1 1
“PQ RS 4a

We know that Latus rectum GH = 4a and substituting this value in above eqgn..

L, 1
PQ ' RS
1

- (98.7)

Eqn. (98.7) is mathematical expression of the theorem.
THEOREM- 99:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at), If two focal chords
cut orthogonally each other, then

FK x FM x FL X FN = (FG)*
Derivations for proof of the theorem

Referring fig. 9, F is focus, PQ and RS are pair focal chord of intersects orthogonally each other. GH is
Latus rectum is equal to 4a. Let 2 TFP = 6°, £ PFR = 90°. Let points K, L, M & N are projection of
points P, R, Q, S on axis of symmetry respectively. PK L FK, SN L FM, RL L FK & QM L FM.

Eqn.(98.1) = FP
2a

af p—r (99.1)

Eqn. (98.2) = FQ
2a

kT (99.2)

Eqgn. (98.3) = FR
2a

= TS (99.3)

Eqn.(98.4) = FS
2a

= T sin(e9) (99.4)
Referring fig. 9,
FK = FP X cos(0°)

Substituting egn. (99.1) in above,
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~ FK
2acos(0°)

1 —cos(8°) (99.5)

Referring fig. 9,

FM = FQ X cos(0°)

Substituting eqgn. (99.2) in above,

~ FM
_ 2acos(8°)
1+ cos(8°)

(99.6)
Referring fig. 9,

If £ KFP =6° 4 LFR =90° —0°

FL = FR X cos(90 — 6°)

Substituting egn. (99.3) in above,

_ 2axcos(90 —0°)
1+ 5in(8°)

~ FL

_ 2asin(6°) (99.7)
1+ 5sin(8°) '
Referring fig. 9,

If £ KFP = 6° 4 NSF =90°—-6°

FN = FS X cos(90 — 6°)

Substituting egn. (99.4) in above,

_ 2axcos(90 —6°)
1 —sin(6°)

~ FN
2asin(0°)

= e (99.8)

Multiplying egns. (99.5), (99.6), (99.7) & (99.8),
_|{ 2acos(6°) 2acos(06°) 2asin(0°) 2asin(0°)
FRXEM X FL X EN = Kl - cos(9°)) % (1 + cos(6°)>l l(l + sin(0° )) % <1 - sin(B"))l
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43%cos?(0°) 43a?%sin?(0°)
~ FKXFM X FL X FN =

1 — cos?(0°) 1 — sin2(6°)

43%c0s?(0°) 4a®sin?(0°)

~ FKXFM X FL X FN = X
sin?(06°) cos?(0°)

~ FKXFM X FL X FN = 16 x a*
~ FK x FM x FL x FN = (2a)*

-~ FK X FM X FL X FN
= (FG)* (99.9)

where, FG is semi latus-rectum.
Eqgn. (99.9) is mathematical expression of the theorem.
THEOREM- 100:

In a parabola y* = 4ax, the parametric equation of parabola is (x,y) = (at?, 2at), If two focal chords
cut orthogonally, then

PK x QM = RL x SN = (FG)?
Derivations for proof of the theorem

Referring fig. 9, F is focus, PQ and RS are pair focal chord of intersects orthogonally each other. GH is
Latus rectum is equal to 4a. Let, £ TFP = 0°, 2 PFR = 90°. Let points K, L, M & N are projection of
points P, R, Q, S on axis of symmetry respectively. PK L FK, SN L FM, RL L FK & QM L FM.

Eqn.(98.1) = FP
2a

e (100.1)

Eqn. (98.2) = FQ
2a

e (100.2)

Eqgn. (98.3) = FR
2a

= TS (100.3)

Eqn.(98.4) = FS
2a

= e (100.4)

Referring fig. 9,

PK = FP X sin(0°)
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Substituting egn. (100.1) in above,

PK
_ 2asin(8°)
1 —cos(8°)

Referring fig. 9,
QM = FQ X sin(0°)
Substituting eqgn. (100.2) in above,

QM
2asin(0°)

" 1+ cos(6°)

Referring fig. 9, If 2 KFP = 0°, 2 LFR = 90° — ©°
Referring fig. 9,

RL = FR X sin(90 — 6°)

Substituting egn. (100.3) in above,

_ 2axsin(90 — 0°)
1 +sin(8°)

~ RL
B 2acos(0°)
1+ sin(8°)

Referring fig. 9, If 2 KFP = 08°,2 NSF = 90° — 6°
Referring fig. 9,

SN = FS X sin(90 — 6°)

Substituting eqgn. (100.4) in above,

2a

SN T

X sin(90 — 6°)

= SN
_ 2acos(8°)
1 —sin(6°)

Multiplying egns. (100.5) & (100.6),

2asin(0°) 2asin(0°)
1-— cos(9°)> % <1 + COS(9°)>

PKxQM=<

(100.5)

(100.6)

(100.7)

(100.8)
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. PK x OM = 4a%sin?(8°)
" QM = 1 — cos?(0°)
. PK X OM = 43a?%sin?(0°)
- QM = sin?(0°)

~ PK X QM = 4 X a?
~ PK x QM = (2a)?

~ PKX QM =
(FG)? (100.9)

Multiplying egns. (100.7) & (100.8),

RL x SN = 2acos(0°) o 2acos(06°)
~ \1 + sin(6°) 1 — sin(0°)

~ RL X SN = 43%cos?(0°)

- 1 —sin?(0°)

. RLx SN = 4a%cos?(0°)

" "~ cos2(6°)

~ RL X SN = 4 x a?
~ RL x SN = (2a)?

~ RL X SN =
(FG)? (100.10)

where, FG is semi latus-rectum.
Equating egns. (100.9) & (100.10),

PK x QM = RL X SN
= (FG)? (100.11)

Eqn. (100.11) is mathematical expression of the theorem.
CONCLUSION

This research has presented a comprehensive mathematical investigation into the properties of the
parabola, with particular emphasis on its tangent, normal, and focus. Through the application of parametric
equations, 100 new theorems have been systematically derived and rigorously proven, supported by
illustrative diagrams to enhance clarity and comprehension. These results extend the classical
understanding of the parabola, offering deeper insights into its geometric structure. Beyond pure
mathematics, the findings carry significant implications for applied fields such as radar systems, antenna
design, and optical devices like torch reflectors. The integration of parametric methods with detailed
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visualizations strengthens both the precision and accessibility of the work. Overall, this study provides a
valuable reference for scholars and researchers engaged in advanced studies of conic sections, celestial

mechanics, and geometric theory, marking a meaningful contribution to both mathematical knowledge
and its interdisciplinary applications.
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