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Abstract: 

This paper discusses the formulation of the Modified Burgers' equation, the mathematical methods for 

solving it, and presents finite difference techniques for its numerical simulation. Furthermore, the paper 

examines the challenges and advantages of these numerical methods, particularly in terms of accuracy 

and efficiency. The Burgers' equation is a fundamental partial differential equation (PDE) that appears in 

various fields of Mathematics, physics and engineering, such as fluid dynamics, nonlinear acoustics, and 

traffic flow. The modified Burgers' equation introduces additional terms to the classical Burgers' 

equation, making it more suitable for modelling complex phenomena. Numerical simulations using finite 

difference techniques are crucial in solving the Modified Burgers' equation due to its nonlinear nature. 

This paper explores the numerical simulation of the modified Burgers' equation using finite difference 

techniques. The mathematical formulation of the modified Burgers' equation, the discretization process 

using finite difference methods, and the implementation of numerical schemes are discussed. The results 

of numerical simulations are presented, and the accuracy and stability of the methods are analysed. 
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1. Introduction: 

This paper provides a comprehensive overview of the numerical simulation of the modified Burgers' 

equation using finite difference techniques. The results demonstrate the effectiveness of these methods 

for solving complex nonlinear partial differential equations (PDEs), and the analysis provides insights 

into the trade-offs between different numerical schemes. 

The Burgers' equation, originally introduced by J.M. Burgers in 1948, is a simplified model for 

turbulence and shock waves in fluid dynamics. It is a nonlinear partial differential equation (PDE) that 

combines both diffusion and convection processes. The classical Burgers' equation is given by: 

𝑢

𝑡
+ 𝑢

𝑢

𝑥
= 𝑣


2𝑢

𝑥2      (1) 

where u(x, t) is the velocity field, ν is the kinematic viscosity, x is the spatial coordinate, and t is time. 
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The modified Burgers' equation extends this model by incorporating additional terms that account for 

external forces, higher-order nonlinearities, or other physical effects. A general form of the modified 

Burgers' equation can be written as: 

𝑢

𝑡
+ 𝑢

𝑢

𝑥
= 𝑣


2𝑢

𝑥2 + 𝑓 (𝑢, 𝑥, 𝑡)     (2) 

where f(u, x, t) represents the additional terms that modify the classical Burgers' equation. 

Numerical simulation of the modified Burgers' equation is essential for understanding the behaviour of 

systems described by this equation. Finite difference techniques are widely used for this purpose due to 

their simplicity and effectiveness. The research focuses on the numerical solution of the modified 

Burgers' equation using finite difference methods. 

 

2. Mathematical Formulation of the Modified Burgers' Equation: 

The modified Burgers' equation can take various forms depending on the specific application. For the 

purpose of this study, consider the following form: 

𝑢

𝑡
+ 𝑢

𝑢

𝑥
= 𝑣


2𝑢

𝑥2 + 𝛼𝑢2 + 𝛽
𝑢

𝑥
    (3) 

where α and β are constants that control the strength of the additional nonlinear and convective terms, 

respectively. 

2.1 Initial and Boundary Conditions: 

To solve the modified Burgers' equation numerically, appropriate initial and boundary conditions must 

be specified. The initial condition describes the state of the system at t = 0: 

𝑢(𝑥, 0) = 𝑢0(𝑥)      (4) 

where u0 (x) is a given function. 

Boundary conditions are typically imposed at the ends of the spatial domain [a, b]. Common boundary 

conditions include: 

● Dirichlet boundary conditions: 

𝑢(𝑎, 𝑡) = 𝑢𝑎(𝑡),       𝑢(𝑏, 𝑡) = 𝑢𝑏(𝑡)   (5) 

● Neumann boundary conditions: 

𝑢

𝑥
(𝑎, 𝑡) = 𝑔𝑎(𝑡),    

𝑢

𝑥
(𝑏, 𝑡) = 𝑔𝑏(𝑡)    (6) 

● Periodic boundary conditions: 

𝑢(𝑎, 𝑡) = 𝑢(𝑏, 𝑡) ,    
𝑢

𝑥
(𝑎, 𝑡) =

𝑢

𝑥
(𝑏, 𝑡)   (7) 
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3. Finite Difference Techniques: 

Finite difference methods are numerical techniques used to approximate solutions to differential 

equations by discretizing the domain and approximating derivatives using finite differences. Further in 

this section, the paper discusses the discretization of the modified Burgers' equation using finite 

difference techniques. 

3.1 Discretization of the Spatial Domain 

The spatial domain [a, b] is divided into N equally spaced grid points with spacing  

∆𝑥 =
(𝑏−𝑎)

𝑁
 . The grid points are denoted by∆𝑥𝑖 = 𝑎 + 𝑖∆𝑥  for i = 0, 1, . . . . . N. 

3.2 Discretization of the Temporal Domain 

The temporal domain [0, T ] is divided into M equally spaced time steps with spacing  

 ∆𝑡 =
𝑇

𝑀
 . The time steps are denoted by∆𝑡𝑛 = 𝑛∆𝑡 for n=0, 1, . . . . . . ,M. 

3.3 Finite Difference Approximations 

The derivatives in the modified Burgers' equation are approximated using finite differences. The 

following approximations are commonly used: 

● First-order time derivative:  

𝜕𝑦

𝜕𝑡
(𝑦𝑖, 𝑡𝑛) ≈

𝑢𝑖
𝑛+1−𝑢𝑖

𝑛

∆𝑡
     (9) 

𝜕𝑥

𝜕𝑡
(𝑥𝑖, 𝑡𝑛) ≈

𝑢𝑖
𝑛+1−𝑢𝑖

𝑛

∆𝑡
     (10) 

● First-order spatial derivative: 

 
𝜕𝑢

𝜕𝑥
(𝑥𝑖, 𝑡𝑛) ≈

𝑢𝑖+1
𝑛 −𝑢𝑖−1

𝑛

2∆𝑥
     (11) 

● Second-order spatial derivative: 

 
𝜕2𝑢

𝜕𝑥2
(𝑥𝑖, 𝑡𝑛) ≈

𝑢𝑖+1
𝑛 −2𝑢𝑖

𝑛+𝑢𝑖−1
𝑛

∆𝑥2      (12) 

3.4 Numerical Schemes 

Several numerical schemes can be used to solve the modified Burgers' equation. In this paper,  the 

following schemes are considered. 

1. Explicit Euler Scheme: This scheme is straightforward but may suffer from stability issues for 

small Δt. 

2. Implicit Euler Scheme: This scheme is more stable but requires solving a system of equations at 

each time step. 
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3. Crank-Nicolson Scheme: This scheme is a combination of explicit and implicit methods and 

offers better accuracy and stability. 

3.4.1 Explicit Euler Scheme 

The explicit Euler scheme approximates the modified Burgers' equation as: 

𝑢𝑖
𝑛+1−𝑢𝑖

𝑛

∆𝑡
+ 𝑢𝑖

𝑛 𝑢𝑖+1
𝑛 −𝑢𝑖−1

𝑛

2∆𝑥
= 𝑣

𝑢𝑖+1
𝑛 −2𝑢𝑖

𝑛+𝑢𝑖−1
𝑛

∆𝑥2
+ 𝛼(𝑢𝑖

𝑛)2 + 𝛽
𝑢𝑖+1

𝑛 −𝑢𝑖−1
𝑛

2∆𝑥
          (13) 

Rearranging terms, we obtain: 

𝑢𝑖
𝑛+1 = 𝑢𝑖

𝑛 + ∆𝑡 (𝑣
𝑢𝑖+1

𝑛 −2𝑢𝑖
𝑛+𝑢𝑖−1

𝑛

∆𝑥2 − 𝑢𝑖
𝑛 𝑢𝑖+1

𝑛 −𝑢𝑖−1
𝑛

2∆𝑥
+ 𝛼(𝑢𝑖

𝑛)2 + 𝛽
𝑢𝑖+1

𝑛 −𝑢𝑖−1
𝑛

2∆𝑥
) (14) 

3.4.2 Implicit Euler Scheme 

The implicit Euler scheme approximates the modified Burgers' equation as: 

𝑢𝑖
𝑛+1−𝑢𝑖

𝑛

∆𝑡
+ 𝑢𝑖

𝑛+1 𝑢𝑖+1
𝑛+1−𝑢𝑖−1

𝑛+1

2∆𝑥
= 𝑣

𝑢𝑖+1
𝑛+1−2𝑢𝑖

𝑛+1+𝑢𝑖−1
𝑛+1

∆𝑥2 + 𝛼(𝑢𝑖
𝑛+1)2 + 𝛽

𝑢𝑖+1
𝑛+1−𝑢𝑖−1

𝑛+1

2∆𝑥
 (15) 

This results in a nonlinear system of equations that must be solved at each time step. 

3.4.3 Crank-Nicolson Scheme 

The Crank-Nicolson scheme approximates the modified Burgers' equation as: 

𝑢𝑖
𝑛+1−𝑢𝑖

𝑛

∆𝑡
+

1

2
(𝑢𝑖

𝑛 𝑢𝑖+1
𝑛 −𝑢𝑖−1

𝑛

2∆𝑥
+ 𝑢𝑖

𝑛+1 𝑢𝑖+1
𝑛+1−𝑢𝑖−1

𝑛+1

2∆𝑥
) =

𝑣

2
(

𝑢𝑖+1
𝑛 −2𝑢𝑖

𝑛+𝑢𝑖−1
𝑛

∆𝑥2 +
𝑢𝑖+1

𝑛+1−2𝑢𝑖
𝑛+1+𝑢𝑖−1

𝑛+1

∆𝑥2 ) +
𝛼

2
((𝑢𝑖

𝑛)2 +

(𝑢𝑖
𝑛+1)2) +

𝛽

2
(

𝑢𝑖+1
𝑛 −𝑢𝑖−1

𝑛

2∆𝑥
+

𝑢𝑖+1
𝑛+1−𝑢𝑖−1

𝑛+1

2∆𝑥
)    (16) 

This scheme also results in a nonlinear system of equations that must be solved at each time step. 

 

4. Numerical Simulations: 

In this section, the results of numerical simulations of the modified Burgers' equation using the finite 

difference techniques discussed above, are presented. A specific example with the following parameters 

is considered: 

● Spatial domain: x ∈ [0,1] 

● Temporal domain: t ∈ [0,1] 

● Number of spatial grid points: N = 100 

● Number of time steps: M = 1000 

● Kinematic viscosity: ν = 0.01 

● Nonlinear coefficient: α = 0.1 

● Convective coefficient: β = 0.05 

● Initial condition: u0(x) = sin(2πx) 
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● Boundary conditions: u(0, t) = u(1, t) = 0 

4.1 Explicit Euler Scheme 

The explicit Euler scheme is implemented using the discretization described in Section 3.4.1. The 

solution exhibits numerical instability for small Δt, as expected. 

4.2 Implicit Euler Scheme 

The implicit Euler scheme is implemented using the discretization described in Section 3.4.2. The 

nonlinear system of equations is solved using the Newton-Raphson method. The solution  

is stable and converges to the steady-state solution. 

4.3 Crank-Nicolson Scheme 

The Crank-Nicolson scheme is implemented using the discretization described in Section 3.4.3. The 

nonlinear system of equations is solved using the Newton-Raphson method. The solution is stable and 

exhibits second-order accuracy in both space and time. 

 

5. Analysis of Results: 

The numerical simulations demonstrate the effectiveness of finite difference techniques for solving the 

modified Burgers' equation. The explicit Euler scheme is simple to implement but suffers from stability 

issues for small Δt. The implicit Euler and Crank-Nicolson schemes are more stable and accurate but 

require solving a nonlinear system of equations at each time step. 

The Crank-Nicolson scheme offers the best balance between accuracy and stability, making it the 

preferred choice for numerical simulations of the modified Burgers' equation. 

 

6. Conclusion: 

This paper has explored the numerical simulation of the modified Burgers' equation using finite 

difference techniques. Numerical simulations of the Modified Burgers' equation using finite difference 

methods provide an effective approach to solve important nonlinear partial differential equation (PDE). 

Also, this paper examined the mathematical formulation of the modified Burgers' equation, the 

discretization process using finite difference methods, and the implementation of numerical schemes. 

The results of numerical simulations were presented, and the accuracy and stability of the methods were 

analysed. The method's stability and accuracy are key considerations when performing simulations, and 

advances in numerical techniques continue to improve the solution quality for complex real-world 

applications. 

The Crank-Nicolson scheme was found to be the most effective method for solving the modified 

Burgers' equation, offering a good balance between accuracy and stability. Future work could explore 

the application of these techniques to more complex forms of the modified Burgers' equation and the use 

of adaptive mesh refinement to improve efficiency. 
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