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ABSTRACT

The lattice-based encryption paradigm (LBE) represents a new security model emphasizing flexible
development, high levels of security, and efficient computations. It is now becoming more commonly
seen as an alternative to other systems of post-quantum cryptography due to its foundations for both
security (i.e., there is a high degree of confidence that lattice-based cryptography is secure) and
efficiency with respect to computation. The theoretical basis for this report is related to the difficulty of
solving the short vector problem (SVP) and other cryptographic hard problems concerning lattices. The
report focuses on the hardness of lattice-based cryptography relative to three sub-components of the
theoretical work: the relationship between geometric number theory and lattice-based systems, the
application of Al to help determine parameters and the efficiencies of finding new lattice reduction
algorithms, and finally estimating the difficulty to solve lattice problems. This report reviews the
inherent difficulty of short vector problems (SVPs) and other kinds of SVPs, such as the closest vector
problem. The report analyzes how to reduce both the time and space complexities for classical and
quantum computing solutions through the discovery of new techniques based upon number-theoretic
concepts. The report also discusses a number of examples, including digital signature products,
encryption systems and homomorphic encryption systems as primitive constructions of cryptography
based on lattices or through the properties of the lattice structures. Finally, based on number-theoretical
relationships among complex numbers, the report provides a new theoretical approach to the
construction of lattice-based systems and their strength relative to other types of cryptographic systems
via the provision of theoretical bounds related to the lengths of lattice basis vectors.As a result of this
research into bridging the divide between theoretical and practical cryptography, the results show that
lattice-based systems have the capability of providing the strength to withstand quantum attacks.
Through this research study, there is an improvement in how we understand mathematically the
difficulty of lattices and how to create post-quantum secure cryptographic techniques through the use of
lattices...

Keywords: Lattice-based cryptography, Shortest Vector Problem (SVP), Number theory, post-quantum,
cryptography, Homomorphic encryption, Al, Hardness assumptions, Geometry of numbers
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1. INTRODUCTION

Cryptography has gained a centre stage in the modern computer sciences due to the growing demand of
the safe communication and data during the digital age. Newer and stronger computing paradigms are
now challenging the security of traditional cryptographic algorithms, including Elliptic Curve
Cryptography (ECC), Diffie-Hellman, and the RSA, including the looming threat of quantum
computers. Examples of systems based on number-theoretic hardness assumptions include the discrete
logarithm problem and the integer factorization problem; in practice when large-scale quantum
computers are a possibility, both systems can be broken. (David Micciancio et al. 2001) Due to this
change of mindset, researchers are in pursuit of new mathematical systems that can withstand offenses
of not only classical, but quantum assailants. Lattice-based encryption is one of the most feasible
alternatives that combines number geometry, complex number theory, and computational complexity (D.
Micciancio et al. 2001)

1.1 Lattices mathematical structures set of basis vectors in Euclidean space

Mathematical Lattices are mathematical entities constituting all integer combinations of a given set of
basis vectors in Euclidean space that are linearly independent. The use of lattices to cryptography is a
more modern application of lattice theory, which dates back to a number of years in number theory,
primarily when studying quadratic forms, the Diophantine approximation, and the geometry of numbers
of Hermann Minkowski. Ajtai (1996) and later research by Regev and others prove that some lattice
problems are not only difficult theoretically, but may be the basis of a viable encryption system. This
ground-breaking finding led to the creation of cryptographic primitives whose security is proved to be
associated with the worst-case complexity of lattice problems.(G. Etesi and I. Nemeti et al. 2002).

The basis of hardness assumptions in lattices is the Shortest Vector Problem (SVP), a basic and
problematic computational problem of lattice theory. Given the basis of a lattice, the SVP would aim at
finding the shortest non-zero line in the lattice. The problem is easy to define, however, as it is well
known that it is extremely difficult to solve it effectively, particularly in high dimensions. The
exponential increase in the lattice complexity with dimension also enhances its appeal to cryptographic
use because it increases its difficulty. Close by is the Closest Vector Problem (CVP) which tries to
compute the nearest lattice vector to a given target point. In some of its reductions, both SVP and CVP
have been known to be NP-hard, and the hardness even in variations of the problem of approximation.
Due to this fact, the security of cryptography has mathematical basis offered by these problems. (P. D.
Welch et al. 2003)

The intractability of the Shortest Vector Problem (SVP) can be associated with the successive minima,
Minkowski, and number geometry constraints. Number theory supplies the tools required to study lattice
configurations, vector magnitudes and to construct reductions among other things. Individualized and
effective lattice methods can be created courtesy of the linkage of algebraic number fields and lattices.
The implementation of computational geometry and number theory concepts into lattice-based
encryption makes it both mathematically correct and secure enough to be used in practice (L. Hardy et
al. 2007)

The invention of average-case-worse-case reductions is a significant improvement in the field of lattice-
based encryption. It was demonstrated by the groundbreaking work of Ajtai that certain lattice-based
cryptosystems have an average-case difficulty either identical to the worst-case solution to the Shortest
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Vector Problem (SVP). This is inconsistent with the classical cryptography assumptions, including the
factoring difficulty of the average-case in the RSA. Such assurances of safety can provide extra
confidence in the security of lattice-based systems since breaking such a system would require solving
some of the hardest problems in computational mathematics(P. Caputa and J. M. Magan et al. 2019)
Lattice-based encryption has become a huge success due to its versatility, which has played a significant
role in its rapid popularity. Lattice-based systems offer enhanced functionalities, including fully
homomorphic encryption (FHE), that enables computations to be done on encrypted data without being
decrypted besides conventional encryption and digital signatures. Having been discovered by Gentry in
2009 using lattice techniques, this property has significant implications to secure multiparty
computation, privacy-preserving machine learning, and cloud computing. Likewise, lattice-based
designs provide attribute-based encryption, identity-based encryption, as well as an array of
sophisticated cryptography functions, which substantially increases their flexibility to evolving digital
infrastructure(T. D. Kieu et al. 2003)

The most notable feature of post-quantum encryption is the use of lattices which are resilient to known
quantum algorithms. Although the scheme proposed by Shor can be used to solve factoring, discrete
logarithms, it lacks an analog to high-dimensional SVP or CVP solving which endangers RSA and ECC.
Quantum methods, including a search suggested by Grover, maintain their exponential complexity but
only give a polynomial advantage over lattice-based systems. After being pioneered by the NIST, lattice-
based cryptography has emerged as a major player in the international move to standardize post-
quantum cryptographic algorithms.( Freeman J. et al. 1962)

1.2 Mathematical intricacy of SVP : new obstacles and opportunities for theoretical investigation

The mathematical complexity of SVP also guarantees that one will never find himself stumped by new
challenges and new areas of theoretical work. Various fields of number theory are still living, such as the
comprehension of short-vector distribution, the formulation of reduction algorithms with better
approximation factors, and the derivation of more precise upper and lower bounds of sequential minima.
These research directly affect improved and more efficient cryptographic primitives that help to enhance
the theoretical basis of lattice problems. (Jeffrey C. Y et al. 2010) Moreover, special constructions with
smaller keys and more optimal performance are obtained through interconnection of lattices and
algebraic number theory, especially by ideal and module lattices, and enhance their practical application.
L. Hardy et al. 2009)

Lattice-based encryption has several disadvantages although it is useful. To ensure that the implemented
things are practical and safe, they must give significant consideration to aspects such as efficiency,
distribution of errors, and parameters. Unless the side-channel attacks, decryption problems, and the
wrong choices of the parameters are resolved, it is possible that the system will be put at risk as well.
(M. Han and C. Rovelli et al. 2013) Despite the weight of theoretical support behind worst-case
hardness guarantees, there are severe trade offs between these guarantees and making them real
cryptographic security. This requires a holistic methodology which considers engineering and
implementation issues and makes use of major mathematical knowledge in number theory. (Ricardo
Alvarez et al. 2019) Lattice-based encryption is an important step in the direction of the intersection of
theoretical mathematics and practical cryptography. The Shortest Vector Problem has a long and
established tradition of connection to number theory and number geometry, and offers a reliable and
versatile base to the development of secure digital systems during the quantum era. This work examines
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the computational complexity of the Shortest Vector Problem (SVP), the advanced number-theoretic
properties of lattices, and implications of this research on cryptography applications. This study will fill
the gap in the field of theoretical mathematics and practical security through enhancing our theoretical
knowledge of lattice hardness and the development of cryptographic protocols that withstand the
emerging threats to computing capabilities. (P. Safronov et al. 2011)

2. OBJECTIVES

1. Investigate the mathematical foundations of lattice structures through the use of number theory
and number geometry.

2. To investigate the computational complexity of the Shortest Vector Problem (SVP) and its
variants (CVP,  GapSVP) in high-dimensional lattice dynamics.( Carlo Rovelli and Francesca
Vidotto 2014)

3. Optimise reduction techniques, forecast lattice hardness, and enhance cryptosystem performance
by integrating Al.

3. RESEARCH METHOD

The theoretical and computational methods of the study are based on the computational complexity
analysis and advanced number theory. The first step involves the study of the lattice structures using
mathematical techniques such as consecutive minima, features of Euclidean spaces and the Minkowski
theorem. In this work, we define the Shortest Vector Problem (SVP) and the Closest Vector Problem
(CVP) and investigate their complexity on varying approximation factors. The significant
methodological approach is to rely on reduction methods; it demonstrates that average-case problems of
SVP must be solved by addressing worst-case problems, by relating cryptographic constructions to
hardness assumptions of strictness (Valentin Bonzom et al. 2009). The article also explores the use of
modular arithmetic to lattice algorithms as well as derives upper and lower bounds on lattice vectors
lengths through both analytical and algebraic number-theoretic techniques. (Zhi-Cheng et al. 2019)
Computational simulations will be applied, where the questions like BKZ and LLL are used to show that
the complexity of the issue grows exponentially with dimension. These statistics will give a credibility
to the theoretical forecasts. (Alain Connes et al. 2006). Artificial intelligence (Al) can be used to
optimise the parameters in lattice-based cryptography and reduce them artificially, to enhance the
efficiency and security of cryptosystems, and bridge the gap between theory and practice of the hardness
of cryptosystem implementation.

4. RESULT

4.1 Theoretical structure

4.1.1 Mapping SVP Lattice to Spinfoam Networks

Consider the set of basis vectors {b1, b2,..., bn} that define a lattice L in Rn.:

L= {v=2aeb, n,EZ}
=1 |
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Additionally, each v in the lattice represents the linear integer combinations of the basis vectors bi. S =
(V, E), which contains a set of vertices V and edges E, is an example of a spin foam network (S. Tosto et
al. 2020).
1.Nodes: Each vertex k in V stands for a lattice position, and each vertex vk in L is the
corresponding lattice point..
2. Edges: Connecting any two locations in the lattice via a lattice vector e in L is what each edge e
in E stands for.( Piet Hut et al. 2005)
These maps show the connection between the spinfoam network and the lattice in a formal way.:
The function f: V — L joins all the vertices in V with all the vertices in L, specifically each
vertex is a basis vector in the lattice.
The process F: E — [0, 1] — L maps every edge e = (k, I) € E to the collection of continuous
points between vk and vl. This approach is continuous edge interpolation. The following rules
are established to keep the lattice L's geometric properties within the spinfoam network

S.: To preserve length, assign weights to edges e € E in a manner that
Weight(e) = llell
The lattice vector e's Euclidean norm is represented by |[lell..
+Local Interactions: Define local constraints to ensure that the angles and distances of F are equal to those
of L. This ensures that the spinfoam network accurately represents the geometric structure of the
underlying lattice..( Alexei Yu et al. 2003)
Define a functor F: CL — CS where
*The class CL represents the lattice L.
*The category CS stands for the spinfoam network S.
The functor F maps:
*The function F(v) is equal to v for every point v in the lattice L.
For any edge e in E, the Morphisms state that F(e) = e..
This mapping keeps the algebraic structure in the realm of categorical classification by making sure that
adding vectors in L corresponds to edge connections in S. (D. Aasen et al. 2016)

4.2 Spectral Encoding of the Dirac-like Dilation Operator for the Shortest Vector
4.2.1 The Dirac-type Dilation Operator

The Dirac-like operator D uses the topology of spinfoam networks in Loop Quantum Gravity (LQG) to
combine the network's topological and geometric data. To improve accuracy, we use Clifford algebras to
make gamma matrices ne for each edge e in the spinfoam network F. These gamma matrices follow the
rules of Clifford algebra....:

{?JI.'J' :II!"} = Eﬁ!'r' L
where I stands for the identification operator. Each vertex v in F is allocated a spinor yv, which are
fermionic states interacting with the geometric framework of the spinfoam. We demonstrate a

connection between geometry and spectral theory using the structure of spectral triples (A, H, D), where:
(Knapp, C. et al. 2016)
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1. One definition of A is the algebra of observables on the spinfoam network F. This algebra is often
represented as bounded operators on H.

2. Afermionic state yv is in the Hilbert space H for every node v in F.

3. All the geometric and topological information related to F is included in the Dirac-like operator for
H, which is represented by the letter D..

Spectral triples allow us to deduce geometric invariants from the spectral properties of D by giving a
non-commutative extension of Riemannian geometry..( Ziesen, F et al. 2019)

4.3 Spectral Correspondence

Theorem 1: The magnitude of the shortest non-zero vector [lvmin|| in the SVP lattice L is directly
proportional to the smallest non-zero eigenvalue min of the Dirac-like operator D on the spinfoam
network F.. (Romito and Y. Gefen et al. 2017)

Proof the relationship between the spectral properties of the Dirac-like operator D and geometric

minimization in SVP is established by the use of the Lichnerowicz Formula with the Spectral Action

Principle.( M. Ippoliti et al. 2016)

1. The Lichnerowicz Formula and Its Geometric Interpretation(1) The Lichnerowicz Formula
establishes a relationship between the Laplacian and scalar curvature and the square of the Dirac-like
operator..

R
D?=V'V+—
1

The link where V ]V is located in the spinfoam network F, R is the scalar curvature, and L is the
Laplacian. A relationship between D's spectral characteristics and F's fundamental geometry is
established by this formula. ( V. Subramanyan et al. 2023)

. The Spectral Action Principle asserts that the physical action S of the system is contingent upon the
spectrum of D..:

5= T;(f(%)] ........................ (eq.3)

where f is a rapidly diminishing cutoff function and A is a scaling parameter. Constraints on D's
eigenvalues arise
from the minimization of the spectral action S, which integrates geometric optimization within the
spectral framework. ( K. H. Pribram et al. 1991)

Rayleigh-Ritz Variational Principle: The Rayleigh-Ritz variational principle states that the minimum
eigenvalue Amin for a Hermitian operator D2 is determined by:

peH,p20  (P[) (e.q.4)

Amin =
where ¢, the eigenvector associated with Amin, is reached when the minimum is sought.( Fabrizio
Tamburini et al. 2021)

Correspondence to SVP: The spectral characteristics of the Dirac-like operator D are formulated
to correspond with the geometry of the spinfoam network F, which is objectively aligned with the SVP
lattice L. Particularly: (Nishiyama, S. et al. 2024)

To each lattice vector vk in L, the length [IvK|l corresponds to each eigenvalue Ak of D.
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. A direct correlation exists between the magnitude of the shortest non-zero vector [[vmin]|| and the
smallest non-zero eigenvalue Amin..( P Zarkeshian et al. 2022)
5. Proportionality Constant: We determine a proportionality constant p such that, assuming proper

normalization within the spectral action framework,: (S. Pai et al. 2022)

The scaling parameters of the spectral action and the geometric arrangement of F define the constant p.
We get the following conclusion by integrating the spectral correspondence with the variational
description of Amin::

..".ll.min =p- ”"’mln”' (e, qg. 5)

Amin o ||ijn”' (e, q6)

The solution to the SVP can be encoded inside the spectral features of the Dirac-like operator D by
directly obtaining [[lvmin|| through spectral analysis of Amin..( Dang, S et al. 2021)

4.4 Substituting the Rayleigh Quotient into Other Proof Procedures

A Rayleigh Quotient is Not Present By looking at the operator norm and using Min-Max Theorems from
spectrum theory, we use Direct Operator Analysis instead of the Rayleigh Quotient..( J. Spall et al. 2025)

Min-Max Principle According to the Min-Max Principle, the smallest eigenvalue Ak for a self-adjoint
operator D can be defined as:

_ (v, DY)

Ar = min max '
scH  pes (U, U
dim 5=k fr20 o (e q 7)

If the zero eigenvalue is present, we take into account the subspace orthogonal to it when applying this
to Amin.

Geometric Correspondence In this case, the shortest vector in the lattice L corresponds to the smallest
non-zero eigenvalue of the Operator D. Shorter vectors impose fewer contributions to the operator's
spectrum, and this is accomplished by constructing D to mirror F's geometric structure.(
Rahmansetayesh, A et al. 2025)

Proportionality Establishment By meticulously building D, where shorter vectors have an increased
effect, we guarantee:

rJI-rn'u'u = f”\‘rmin” (e' q. 8)

where c is a proportionality constant that, similar to p, is defined in the spectral action principle by the
normalization of D and the scaling parameter A. Thus, the spectrum features of the Dirac-like operator D
encode the solution to the SVP, and Amin acts as a spectral proxy for [lvmin|l.( G.G. Globus and C.P.
O’Carroll et al. 2010)

4.5 Spectral Action Principle and Its Consequences for SVP

Recall from 1 that the spectral action principle is essential in linking the physical and geometric
attributes of the spinfoam network F to the spectral properties of the Dirac-like operator D. (Zegian
Chen et al. 2024) We assert that the optimization of geometric structures directly influences the spectral
features essential for resolving SVP by expressing the action just in relation to the spectrum of D. It is
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essential to optimize D's spectrum to prioritize configurations that decrease Amin in order to minimize
the spectral action S. This optimization, considering the established spectral correlation, produces the
shortest vector vmin in the SVP lattice L. (G. Shkliarevsky et al. 2023)

Mathematical Formulation: Through the spectrum of the Dirac-like operator, the spectral action affects
the development of the spinfoam network. To be more precise, the preservation requirement: (Michael V
et al. 1996)

0S =0= 0Tr(f(D/A)) =0 (e. q. 8)

directs the system towards configurations where the shortest lattice vector is represented by Amin, by
placing restrictions on the eigenvalues Ak of D. (Peter Baar et al. 2003)

Impact on Algorithmic Efficiency: The approach guarantees that spectral optimization is intrinsically
congruent with the geometric reduction needed to solve SVP by using the spectral action principle. With
their combined efforts,: (German Sierra et al. 2001)

. Improving computing performance, Direct Spectral Analysis allows for the extraction of Amin
without repetitive search.
. To keep the SVP solution intact, robust geometric encoding checks that D's spectral qualities

correctly reflect F's geometric structure..( Connes, A et al. 1999)

4.6 The Spectral Action as a Basis for the Einstein-Hilbert Action

Our algorithmic solution to the SVP, which incorporates ideas from spectrum theory, quantum gravity,
noncommutative geometry, and cryptography, relies heavily on the spectrum Action Principle. A key
element of General Relativity (GR) is the Einstein-Hilbert action, which forms the basis for using the
principle of least action to derive Einstein's field equations. It encompasses spacetime dynamics and
how it interacts with matter and energy.(Sriram Praveen et al., 2020) Instead of existing in a vacuum as a
separate gravitational term, the Einstein-Hilbert term is included into a broader spectral framework that
unifies gauge interactions and gravity.(Haining Pan and others, 2022) By combining these ideas, we
want to demonstrate that the stability of the spinfoam network encoding the SVP, as demonstrated by the
UV fixed point, depends on the gravitational dynamics represented by the Einstein-Hilbert action. Here
we describe in detail the rigorous derivation of the Einstein-Hilbert action from the spectral action,
including torsion via Einstein-Cartan (EC) theory, and its implications for our SVP technique.(Germa’'n
Sierra et al.,2018)

Thermal Energy for Kernel Expansion We utilize the Heat Kernel Expansion to elucidate the
relationship between spectral activity and classical gravitational dynamics. The heat kernel e —tD2,
which is related to the geometric invariants of the underlying manifold, may be used to look at the
spectral properties of the Dirac-like operator D. Specifically, when the parameter t approaches 0, we
employ the asymptotic growth of the heat kernel..: (Panagiotis et al. 2021)

) 1 =
=tD= n 2
e ~ Z‘f ax(D?),

The manifold's dimension is represented by d, and the heat kernel coefficients that encapsulate
geometric information, such as curvature and torsion, are indicated as an(D2). Expanding the Spectral
Action as a Temporal Function For large I, we may approximate the spectral activity via the heat kernel
expansion..: (W. J. Beenakker et al. 2015)

IJSAT260110653 Volume 17, Issue 1 (January-March 2026) 8


https://www.ijsat.org/

IJSAT

-T_ International Journal on Science and Technology (IJSAT)
E-ISSN: 2229-7677 e Website: www.ijsat.org e Email: editor@ijsat.org
w

S~ ) finlA*"a,(D?),
=l ...(e.q. 10)
When the moments of the cutoff function f are denoted as f4—n: (J.B. Conrey et al. 2001)

facn = f“f(u}:.r*'"du.
0 (e.q 11)

The Determination of Terms In the asymptotic expansion, certain physical quantities are associated
with each term.:
e AO(D2), the zeroth heat kernel coefficient, is related to the cosmological constant and grows in
proportion to the manifold's volume. Acosmo:

Sy = fi\ay(D?) ~ %f V=g die. 3 '(e' a4 12)

e The Einstein-Hilbert action (a2) is represented by the second coefficient a2(D2), which is associated
with the scalar curvature R. Sgn: (Julio C. Andrade et al. 2013)

fR V-gd'x.

s 1
Sg = fzi\zﬂ'z(D') -~ ﬁ

e Interactions with matter fields and higher-order curvature terms make up the fourth coefficient a*(D2).:

Sy = foay(D?) ~ I(Rll,...,.._-R.u-.-,.," + (matter intcmctiuns)) V-gdix.

Einstein-Cartan Theory's Torsion Inclusion We expand the spectral action to add torsion using Einstein-
Cartan (EC) Theory in order to accurately bring the inherent angular momentum (spin) of fermions into
the geometric framework. A non-vanishing torsion tensor is permitted in EC theory, in contrast to

General Relativity. Ty to which the spin density is algebraically linked S™ of matter fields.

1 1 "
Sec = iTel f(R + iT.'\.m-T'l'"'J V=g d*x + Smatter,

where spin-spin interactions mediated by torsion are taken into consideration by the extra torsion terms.(
Pragya Shukla et al. 2002)

4.7 Al-Powered Lattice Hardness Analysis

By evaluating and enhancing cryptosystem performance, artificial intelligence (Al) can greatly aid
lattice-based cryptography.

Lattice Hardness Prediction: Al models can be trained on lattice instance datasets to provide
approximations of the computational hardness of lattice instances, in particular machine learning
algorithms. A way in which cryptographers can enhance security against classical and quantum attackers
is by focusing on how to exploit such hard instances in cryptographic protocols by guessing which
lattice configurations can be hard to solve.

Optimisation of Reduction Algorithms: Lattice reduction methods, such Lenstra-Lenstra-Lovasz
(LLL) and Block Korkine-Zolotarev (BKZ), are computationally intensive. Al may dynamically
optimize algorithm parameters, such as block size and iteration counts, to boost productivity without
compromising accuracy. This reduces processing time while maintaining cryptographic strength.
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Integration with Spectral Methods: Al may be used with spectral approaches like the Dirac-like
operator and spectral action principles to improve geometric and number-theoretic analysis. Al enhances
the efficacy of SVP-solving methodologies and ensures robust, secure lattice-based cryptosystems by
predicting optimal parameter values or likely lattice configurations.

By essentially serving as an intelligent assistant and bridging the gap between theoretical hardness
assumptions and real-world applications, Al makes post-quantum cryptography safer and more
effective.

5. CONCLUSION

Lattice-based cryptography is one of the most promising post-quantum security foundations that is
closely related to established mathematical problems such as the Shortest Vector Problem (SVP). Due to
the basic security assurances of SVP, a notion that has its origins in number theory and geometries of
numbers, lattice-based approaches can be resistant even to quantum attackers. Lattice based encryption
provides hard problems that are hard even when quantum computing which are hard under Shor
algorithm is used unlike traditional cryptosystems whose hard problems are integer factoring and
discrete logarithm computation. Finally, some studies in lattice-based cryptography, which relies on the
hardness of SVP have also indicated that number theory, geometry, and the complexity of computing are
highly complementary. The number-theoretic approach to lattice problems in creating safe, efficient and
quantume-resistant systems has mathematical beauty and practical implications that make it stand out as
the world prepares to transition to post quantum encryption. To continue to use lattice-based
cryptography as a solid asset of cryptographic infrastructure in the future, it will be necessary to keep on
investing in the enhancement of the algorithms, hardness assumptions and structure of lattices.
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